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Distributed Constraint-Coupled Optimization
Motivation (cont’d)

In many applications agents need to act

in a coordinated and synchronized

fashion

+

They need a common notion of time

The communication network is modelled via a graph G = (V , E)
V = {1, . . . ,N} : is the set of agents

E : is the set of arcs

(i , j) 2 E means nodes i and j can communicate with each other
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as common decision vector the collection of all local deci-
sion vectors. Agents would then have to store and update
the entire solution estimate of the problem rather than
the portion associated with their decision variables only,
and would have all to know the global coupling constraint.
These major drawbacks hamper the applicability of those
methods to practical applications, thus calling for novel
and e�cient strategies that takes advantage of the net-
work structure of the problem at hand.

Recently developed approaches tackling constraint-
coupled problems directly are mostly based on Lagrangian
duality. In [27] a problem with sparse coupling constraints
is considered and a distributed dual gradient method
achieving linear convergence rate is proposed. A similar
structured problem is considered in [28] where a tailored
algorithm exploiting such structure is proved to converge
to the optimal solution of the problem. In [29, 30], primal-
dual approaches are proposed but they need a diminishing
step-size to achieve convergence. In [31, 32] distributed
dual subgradient algorithms are proposed, in [33] the dual
problem is tackled by means of consensus-ADMM and
proximal operators, while an alternative approach based
on successive duality steps has been investigated in [34];
however, all these algorithms typically exhibit a slow con-
vergence rate for the local decision variables. The track-
ing mechanism has been also employed in [35] to solve
constraint-coupled problems based on an augmented La-
grangian approach for a continuous time setting, but the
considered set-up does not allow for nonsmooth costs and
local constraints. Finally, in the very recent paper [36]
an idea similar to the one proposed in this paper is intro-
duced. However, the approach in [36] requires the agents
to perform multiple communication rounds and the num-
ber of rounds has to be carefully tuned to bound a non-
vanishing steady state error between the asymptotic algo-
rithmic solution and the optimal one.

The contributions of this paper are as follows. We
propose a novel, fully distributed optimization algorithm
to solve constraint-coupled problems over networks by
means of an ADMM-based approach. Di↵erently from dis-
tributed ADMM schemes for problems with common deci-
sion variables, we design our Tracking-ADMM distributed
algorithm by embedding a tracking mechanism into the
parallel ADMM designed for constraint-coupled problems.

The resulting algorithm enjoys the following appeal-
ing features: (i) no parameter tuning is needed, in fact
our algorithm works for all the (constant) choices of a
penalty parameter and no other coe�cients are necessary;
(ii) agents solve optimization problems depending on their
local (few) decision variables and asymptotically compute
only their portion of an optimal (hence feasible) solution to
the given problem; (iii) the local estimate of the coupling
constraint violation gives each agent a local assessment on
the amount of infeasibility, which can be useful, e.g., in
designing distributed (receding horizon) control schemes.

The convergence proof of our Tracking-ADMM for
constraint-coupled problems relies on control systems anal-

ysis tools. By explicitly relying on Lyapunov theory for
linear systems, we are able to find a constrained solution
to a suitable discrete Lyapunov equation that leads to an
aggregate descent condition allowing us to prove: (i) the
(exact) convergence of the dual variables to a dual opti-
mal solution and (ii) that any limit point of the primal
sequences is an optimal solution of the original constraint-
coupled problem. This novel approach allows us to derive
a clean and elegant proof of the asymptotic optimality of
our algorithm.
The rest of the paper is organized as follows. In Section 2

we present the problem set-up and in Section 2.2 we re-
vise the ADMM algorithm. In Section 3 we introduce our
novel Tracking-ADMM distributed algorithm and analyze
its convergence properties, discussing the main steps of the
proof. In Section 4 we apply our algorithm on a realistic
application related to the optimal charging schedule for a
fleet of electric vehicles. In Section 5 we draw some con-
clusions and finally, in Appendix A we report the proofs
of all the results stated in the body of the paper.

Notation. The vector in Rn containing all ones is denoted
by n. The identity matrix of order n is denoted by In.
The Kronecker product is denoted by ⌦. For a matrix
S we write S

> to denote its transpose, S � 0 to de-
note that S is positive definite, ⇢(S) to denote the spec-
tral radius of S, and kSk for its spectral norm. We write
blkdiag(S1, . . . , Sn) to refer to the block-diagonal matrix
with S1, . . . , Sn as blocks. For a vector v, kvk is the Eu-
clidean norm of v, and, for any matrix S � 0, kvkS is the
weighted norm of v, i.e., kvk2S = v

>
Sv.

2. Constraint-Coupled Optimization

In this section we introduce the optimization set-up and
recall some preliminaries about the Alternating Direction
Method of Multipliers (ADMM).

2.1. Optimization Problem and Assumptions

We consider a system composed of N agents which are
willing to cooperatively solve an optimization program for-
mulated over the entire system. Each agent has to set its
local decision variables xi 2 Rni so as to minimize the sum
of local objective functions fi : Rni ! R, while satisfying
local constraints Xi ⇢ Rni as well as a linear constraint
that couples the decisions of all the agents. Formally, we
address the following mathematical program

min
x1,...,xN

NX

i=1

fi(xi)

subject to:
NX

i=1

Aixi = b

xi 2 Xi i = 1, . . . , N,

(P)
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Goal : designing distributed and scalable algorithms
(that is, only exchange of information between neighbors)

as common decision vector the collection of all local deci-
sion vectors. Agents would then have to store and update
the entire solution estimate of the problem rather than
the portion associated with their decision variables only,
and would have all to know the global coupling constraint.
These major drawbacks hamper the applicability of those
methods to practical applications, thus calling for novel
and e�cient strategies that takes advantage of the net-
work structure of the problem at hand.
Recently developed approaches tackling constraint-

coupled problems directly are mostly based on Lagrangian
duality. In [27] a problem with sparse coupling constraints
is considered and a distributed dual gradient method
achieving linear convergence rate is proposed. A similar
structured problem is considered in [28] where a tailored
algorithm exploiting such structure is proved to converge
to the optimal solution of the problem. In [29, 30], primal-
dual approaches are proposed but they need a diminishing
step-size to achieve convergence. In [31, 32] distributed
dual subgradient algorithms are proposed, in [33] the dual
problem is tackled by means of consensus-ADMM and
proximal operators, while an alternative approach based
on successive duality steps has been investigated in [34];
however, all these algorithms typically exhibit a slow con-
vergence rate for the local decision variables. The track-
ing mechanism has been also employed in [35] to solve
constraint-coupled problems based on an augmented La-
grangian approach for a continuous time setting, but the
considered set-up does not allow for nonsmooth costs and
local constraints. Finally, in the very recent paper [36]
an idea similar to the one proposed in this paper is intro-
duced. However, the approach in [36] requires the agents
to perform multiple communication rounds and the num-
ber of rounds has to be carefully tuned to bound a non-
vanishing steady state error between the asymptotic algo-
rithmic solution and the optimal one.
The contributions of this paper are as follows. We

propose a novel, fully distributed optimization algorithm
to solve constraint-coupled problems over networks by
means of an ADMM-based approach. Di↵erently from dis-
tributed ADMM schemes for problems with common deci-
sion variables, we design our Tracking-ADMM distributed
algorithm by embedding a tracking mechanism into the
parallel ADMM designed for constraint-coupled problems.
The resulting algorithm enjoys the following appeal-

ing features: (i) no parameter tuning is needed, in fact
our algorithm works for all the (constant) choices of a
penalty parameter and no other coe�cients are necessary;
(ii) agents solve optimization problems depending on their
local (few) decision variables and asymptotically compute
only their portion of an optimal (hence feasible) solution to
the given problem; (iii) the local estimate of the coupling
constraint violation gives each agent a local assessment on
the amount of infeasibility, which can be useful, e.g., in
designing distributed (receding horizon) control schemes.
The convergence proof of our Tracking-ADMM for

constraint-coupled problems relies on control systems anal-

ysis tools. By explicitly relying on Lyapunov theory for
linear systems, we are able to find a constrained solution
to a suitable discrete Lyapunov equation that leads to an
aggregate descent condition allowing us to prove: (i) the
(exact) convergence of the dual variables to a dual opti-
mal solution and (ii) that any limit point of the primal
sequences is an optimal solution of the original constraint-
coupled problem. This novel approach allows us to derive
a clean and elegant proof of the asymptotic optimality of
our algorithm.
The rest of the paper is organized as follows. In Section 2

we present the problem set-up and in Section 2.2 we re-
vise the ADMM algorithm. In Section 3 we introduce our
novel Tracking-ADMM distributed algorithm and analyze
its convergence properties, discussing the main steps of the
proof. In Section 4 we apply our algorithm on a realistic
application related to the optimal charging schedule for a
fleet of electric vehicles. In Section 5 we draw some con-
clusions and finally, in Appendix A we report the proofs
of all the results stated in the body of the paper.
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by n. The identity matrix of order n is denoted by In.
The Kronecker product is denoted by ⌦. For a matrix
S we write S
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note that S is positive definite, ⇢(S) to denote the spec-
tral radius of S, and kSk for its spectral norm. We write
blkdiag(S1, . . . , Sn) to refer to the block-diagonal matrix
with S1, . . . , Sn as blocks. For a vector v, kvk is the Eu-
clidean norm of v, and, for any matrix S � 0, kvkS is the
weighted norm of v, i.e., kvk2S = v
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In this section we introduce the optimization set-up and
recall some preliminaries about the Alternating Direction
Method of Multipliers (ADMM).

2.1. Optimization Problem and Assumptions

We consider a system composed of N agents which are
willing to cooperatively solve an optimization program for-
mulated over the entire system. Each agent has to set its
local decision variables xi 2 Rni so as to minimize the sum
of local objective functions fi : Rni ! R, while satisfying
local constraints Xi ⇢ Rni as well as a linear constraint
that couples the decisions of all the agents. Formally, we
address the following mathematical program
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x1,...,xN
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Distributed Constraint-Coupled Optimization
Motivation (cont’d)

In many applications agents need to act

in a coordinated and synchronized

fashion

+

They need a common notion of time

The communication network is modelled via a graph G = (V , E)
V = {1, . . . ,N} : is the set of agents

E : is the set of arcs

(i , j) 2 E means nodes i and j can communicate with each other
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• Introduction of Augmented Lagrangian

• & Lagrange multiplier vector

• Implementation of ADMM algorithm

as common decision vector the collection of all local deci-
sion vectors. Agents would then have to store and update
the entire solution estimate of the problem rather than
the portion associated with their decision variables only,
and would have all to know the global coupling constraint.
These major drawbacks hamper the applicability of those
methods to practical applications, thus calling for novel
and e�cient strategies that takes advantage of the net-
work structure of the problem at hand.
Recently developed approaches tackling constraint-

coupled problems directly are mostly based on Lagrangian
duality. In [27] a problem with sparse coupling constraints
is considered and a distributed dual gradient method
achieving linear convergence rate is proposed. A similar
structured problem is considered in [28] where a tailored
algorithm exploiting such structure is proved to converge
to the optimal solution of the problem. In [29, 30], primal-
dual approaches are proposed but they need a diminishing
step-size to achieve convergence. In [31, 32] distributed
dual subgradient algorithms are proposed, in [33] the dual
problem is tackled by means of consensus-ADMM and
proximal operators, while an alternative approach based
on successive duality steps has been investigated in [34];
however, all these algorithms typically exhibit a slow con-
vergence rate for the local decision variables. The track-
ing mechanism has been also employed in [35] to solve
constraint-coupled problems based on an augmented La-
grangian approach for a continuous time setting, but the
considered set-up does not allow for nonsmooth costs and
local constraints. Finally, in the very recent paper [36]
an idea similar to the one proposed in this paper is intro-
duced. However, the approach in [36] requires the agents
to perform multiple communication rounds and the num-
ber of rounds has to be carefully tuned to bound a non-
vanishing steady state error between the asymptotic algo-
rithmic solution and the optimal one.
The contributions of this paper are as follows. We

propose a novel, fully distributed optimization algorithm
to solve constraint-coupled problems over networks by
means of an ADMM-based approach. Di↵erently from dis-
tributed ADMM schemes for problems with common deci-
sion variables, we design our Tracking-ADMM distributed
algorithm by embedding a tracking mechanism into the
parallel ADMM designed for constraint-coupled problems.
The resulting algorithm enjoys the following appeal-

ing features: (i) no parameter tuning is needed, in fact
our algorithm works for all the (constant) choices of a
penalty parameter and no other coe�cients are necessary;
(ii) agents solve optimization problems depending on their
local (few) decision variables and asymptotically compute
only their portion of an optimal (hence feasible) solution to
the given problem; (iii) the local estimate of the coupling
constraint violation gives each agent a local assessment on
the amount of infeasibility, which can be useful, e.g., in
designing distributed (receding horizon) control schemes.
The convergence proof of our Tracking-ADMM for

constraint-coupled problems relies on control systems anal-

ysis tools. By explicitly relying on Lyapunov theory for
linear systems, we are able to find a constrained solution
to a suitable discrete Lyapunov equation that leads to an
aggregate descent condition allowing us to prove: (i) the
(exact) convergence of the dual variables to a dual opti-
mal solution and (ii) that any limit point of the primal
sequences is an optimal solution of the original constraint-
coupled problem. This novel approach allows us to derive
a clean and elegant proof of the asymptotic optimality of
our algorithm.
The rest of the paper is organized as follows. In Section 2

we present the problem set-up and in Section 2.2 we re-
vise the ADMM algorithm. In Section 3 we introduce our
novel Tracking-ADMM distributed algorithm and analyze
its convergence properties, discussing the main steps of the
proof. In Section 4 we apply our algorithm on a realistic
application related to the optimal charging schedule for a
fleet of electric vehicles. In Section 5 we draw some con-
clusions and finally, in Appendix A we report the proofs
of all the results stated in the body of the paper.

Notation. The vector in Rn containing all ones is denoted
by n. The identity matrix of order n is denoted by In.
The Kronecker product is denoted by ⌦. For a matrix
S we write S

> to denote its transpose, S � 0 to de-
note that S is positive definite, ⇢(S) to denote the spec-
tral radius of S, and kSk for its spectral norm. We write
blkdiag(S1, . . . , Sn) to refer to the block-diagonal matrix
with S1, . . . , Sn as blocks. For a vector v, kvk is the Eu-
clidean norm of v, and, for any matrix S � 0, kvkS is the
weighted norm of v, i.e., kvk2S = v

>
Sv.

2. Constraint-Coupled Optimization

In this section we introduce the optimization set-up and
recall some preliminaries about the Alternating Direction
Method of Multipliers (ADMM).

2.1. Optimization Problem and Assumptions

We consider a system composed of N agents which are
willing to cooperatively solve an optimization program for-
mulated over the entire system. Each agent has to set its
local decision variables xi 2 Rni so as to minimize the sum
of local objective functions fi : Rni ! R, while satisfying
local constraints Xi ⇢ Rni as well as a linear constraint
that couples the decisions of all the agents. Formally, we
address the following mathematical program

min
x1,...,xN

NX

i=1

fi(xi)

subject to:
NX

i=1

Aixi = b

xi 2 Xi i = 1, . . . , N,

(P)

2
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where Ai 2 Rp⇥ni and b 2 Rp specify the coupling con-
straint.
We impose the following regularity conditions on P.

Assumption 1 (Convexity and compactness). For all i =
1, . . . , N , the function fi is convex and the set Xi is convex

and compact.

Let x = [x>
1 · · · x

>
N ]>, consider a vector � 2 Rp of La-

grange multipliers and define

L(x,�) =
NX

i=1

fi(xi) + �
>
✓ NX

i=1

Aixi � b

◆
(1)

the Lagrangian function obtained by dualizing the cou-
pling constraint

PN
i=1 Aixi = b. Then, the dual problem

of P is

max
�2Rp

min
x2X

L(x,�) = max
�2Rp

NX

i=1

'i(�), (D)

where X = X1 ⇥ · · ·⇥XN , and the i-th contribution 'i is
defined as

'i(�) = min
xi2Xi

fi(xi) + �
>(Aixi � bi), (2)

the vectors b1, . . . , bN being such that
PN

i=1 bi = b.
The next assumption ensures that P and D are well-

posed.

Assumption 2 (Existence of optimal solutions). Prob-

lem P admits an optimal solution x? = [x?
1
>

· · · x
?
N
>]>

and problem D admits an optimal solution �
?
.

Next, we revise the popular ADMM algorithm which
provides an e↵ective way to solve P by splitting the com-
putation over N agents coordinated by a central unit.

2.2. The ADMM Parallel Algorithm

A version of the ADMM algorithm specifically tai-
lored to problem P is presented in [17, pag. 254, eq.
(4.75)] and is reported here with our notation for the
reader’s convenience. Given initial values xi,0 2 Xi,

d0 = (1/N)
PN

i=1(Aixi,0 � bi), and �0 2 Rp, at each itera-
tion k � 0, a set of N agents and a central unit perform the
following two steps. First, all agents, i = 1, . . . , N , com-
pute (in parallel) a minimizer of the following optimization
problem

xi,k+1 2 argmin
xi2Xi

n
fi(xi) + �

>
k Aixi

+
c

2
kAixi �Aixi,k + dkk

2
o
,

(3a)

where c > 0 is a (constant) penalty parameter. Then,
each agent sends the quantity Aixi,k+1 � bi to the central
unit, which computes and broadcasts back to all agents

the following two quantities

dk+1 =
1

N

NX

i=1

(Aixi,k+1 � bi) (3b)

�k+1 = �k + c dk+1, (3c)

where the parameter c is the same as in (3a). We shall
point out that dk+1 has no dynamics as it is the average

of the local contributions Aixi,k+1�bi to the coupling con-
straint and it measures the infeasibility of the current ten-
tative solutions xi,k+1, i = 1, . . . , N . Its “average” struc-
ture is crucial and will be exploited in the design of our
Tracking-ADMM distributed algorithm.
The evolution of (3) is analyzed in [17, pagg. 254-256]

and its convergence property is reported below.

Proposition ([17, Proposition 4.2]). Let Assumptions 1

and 2 hold. Then, any limit point of the primal sequence

{[x>
1,k · · · x

>
N,k]

>
}
k�0

generated by (3a), is an optimal so-

lution of P, and the dual sequence {�k}k�0, generated

by (3c), converges to an optimal solution of D.

Notice that, since all limit points of the primal sequence
are optimal, they are necessarily feasible for the coupling
constraint. It thus follows that the sequence {dk}k�0 gen-
erated by (3b) converges to zero. Moreover, we shall stress
that no requirement on the penalty parameter c is neces-
sary for the convergence result to hold.
Finally, note that the algorithm described by (3) re-

quires a central unit to compute (3b) and (3c). This ham-
pers the applicability of ADMM to a distributed compu-
tation framework, where agents communicate only with
neighbors according to a (typically sparse) communica-
tion graph. Schemes requiring a central unit are usually
referred to as parallel schemes. For this reason in the rest
of the paper we will refer to (3) as the parallel ADMM.

3. Tracking-ADMM Distributed Algorithm

In this section we propose our novel distributed opti-
mization algorithm for constraint-coupled problems. We
first introduce the distributed framework and then de-
scribe the algorithm along with its convergence properties.

3.1. Distributed Computation Framework

Assume that, at each iteration k, the N agents com-
municate according to a graph G = (V, E), where V =
{1, . . . , N} is the set of nodes, representing the agents, and
E ✓ V⇥V is the set of edges, representing the communica-
tion links. The presence of edge (i, j) in E models the fact
that agent i receives information from agent j. We assume
that the communication graph does not change across it-
erations and, consequently, E does not depend on the iter-
ation index k. We denote by Ni = {j 2 V | (i, j) 2 E} the
set of neighbors of agent i in G, assuming that (i, i) 2 E

for all i = 1, . . . , N . We impose the following connectivity
property on G.

3
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Next, we revise the popular ADMM algorithm which
provides an e↵ective way to solve P by splitting the com-
putation over N agents coordinated by a central unit.

2.2. The ADMM Parallel Algorithm

A version of the ADMM algorithm specifically tai-
lored to problem P is presented in [17, pag. 254, eq.
(4.75)] and is reported here with our notation for the
reader’s convenience. Given initial values xi,0 2 Xi,
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unit, which computes and broadcasts back to all agents

the following two quantities

dk+1 =
1

N

NX

i=1

(Aixi,k+1 � bi) (3b)

�k+1 = �k + c dk+1, (3c)

where the parameter c is the same as in (3a). We shall
point out that dk+1 has no dynamics as it is the average

of the local contributions Aixi,k+1�bi to the coupling con-
straint and it measures the infeasibility of the current ten-
tative solutions xi,k+1, i = 1, . . . , N . Its “average” struc-
ture is crucial and will be exploited in the design of our
Tracking-ADMM distributed algorithm.

The evolution of (3) is analyzed in [17, pagg. 254-256]
and its convergence property is reported below.
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constraint. It thus follows that the sequence {dk}k�0 gen-
erated by (3b) converges to zero. Moreover, we shall stress
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tation framework, where agents communicate only with
neighbors according to a (typically sparse) communica-
tion graph. Schemes requiring a central unit are usually
referred to as parallel schemes. For this reason in the rest
of the paper we will refer to (3) as the parallel ADMM.

3. Tracking-ADMM Distributed Algorithm

In this section we propose our novel distributed opti-
mization algorithm for constraint-coupled problems. We
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municate according to a graph G = (V, E), where V =
{1, . . . , N} is the set of nodes, representing the agents, and
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tion links. The presence of edge (i, j) in E models the fact
that agent i receives information from agent j. We assume
that the communication graph does not change across it-
erations and, consequently, E does not depend on the iter-
ation index k. We denote by Ni = {j 2 V | (i, j) 2 E} the
set of neighbors of agent i in G, assuming that (i, i) 2 E

for all i = 1, . . . , N . We impose the following connectivity
property on G.
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of P is
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NX
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'i(�), (D)

where X = X1 ⇥ · · ·⇥XN , and the i-th contribution 'i is
defined as

'i(�) = min
xi2Xi

fi(xi) + �
>(Aixi � bi), (2)

the vectors b1, . . . , bN being such that
PN

i=1 bi = b.
The next assumption ensures that P and D are well-

posed.

Assumption 2 (Existence of optimal solutions). Prob-

lem P admits an optimal solution x? = [x?
1
>

· · · x
?
N
>]>

and problem D admits an optimal solution �
?
.

Next, we revise the popular ADMM algorithm which
provides an e↵ective way to solve P by splitting the com-
putation over N agents coordinated by a central unit.

2.2. The ADMM Parallel Algorithm

A version of the ADMM algorithm specifically tai-
lored to problem P is presented in [17, pag. 254, eq.
(4.75)] and is reported here with our notation for the
reader’s convenience. Given initial values xi,0 2 Xi,

d0 = (1/N)
PN

i=1(Aixi,0 � bi), and �0 2 Rp, at each itera-
tion k � 0, a set of N agents and a central unit perform the
following two steps. First, all agents, i = 1, . . . , N , com-
pute (in parallel) a minimizer of the following optimization
problem

xi,k+1 2 argmin
xi2Xi

n
fi(xi) + �

>
k Aixi

+
c

2
kAixi �Aixi,k + dkk

2
o
,

(3a)

where c > 0 is a (constant) penalty parameter. Then,
each agent sends the quantity Aixi,k+1 � bi to the central
unit, which computes and broadcasts back to all agents

the following two quantities

dk+1 =
1

N

NX

i=1

(Aixi,k+1 � bi) (3b)

�k+1 = �k + c dk+1, (3c)

where the parameter c is the same as in (3a). We shall
point out that dk+1 has no dynamics as it is the average

of the local contributions Aixi,k+1�bi to the coupling con-
straint and it measures the infeasibility of the current ten-
tative solutions xi,k+1, i = 1, . . . , N . Its “average” struc-
ture is crucial and will be exploited in the design of our
Tracking-ADMM distributed algorithm.
The evolution of (3) is analyzed in [17, pagg. 254-256]

and its convergence property is reported below.

Proposition ([17, Proposition 4.2]). Let Assumptions 1

and 2 hold. Then, any limit point of the primal sequence

{[x>
1,k · · · x

>
N,k]

>
}
k�0

generated by (3a), is an optimal so-

lution of P, and the dual sequence {�k}k�0, generated

by (3c), converges to an optimal solution of D.

Notice that, since all limit points of the primal sequence
are optimal, they are necessarily feasible for the coupling
constraint. It thus follows that the sequence {dk}k�0 gen-
erated by (3b) converges to zero. Moreover, we shall stress
that no requirement on the penalty parameter c is neces-
sary for the convergence result to hold.
Finally, note that the algorithm described by (3) re-

quires a central unit to compute (3b) and (3c). This ham-
pers the applicability of ADMM to a distributed compu-
tation framework, where agents communicate only with
neighbors according to a (typically sparse) communica-
tion graph. Schemes requiring a central unit are usually
referred to as parallel schemes. For this reason in the rest
of the paper we will refer to (3) as the parallel ADMM.

3. Tracking-ADMM Distributed Algorithm

In this section we propose our novel distributed opti-
mization algorithm for constraint-coupled problems. We
first introduce the distributed framework and then de-
scribe the algorithm along with its convergence properties.

3.1. Distributed Computation Framework

Assume that, at each iteration k, the N agents com-
municate according to a graph G = (V, E), where V =
{1, . . . , N} is the set of nodes, representing the agents, and
E ✓ V⇥V is the set of edges, representing the communica-
tion links. The presence of edge (i, j) in E models the fact
that agent i receives information from agent j. We assume
that the communication graph does not change across it-
erations and, consequently, E does not depend on the iter-
ation index k. We denote by Ni = {j 2 V | (i, j) 2 E} the
set of neighbors of agent i in G, assuming that (i, i) 2 E

for all i = 1, . . . , N . We impose the following connectivity
property on G.

3

Assumption 3 (Connectivity). The graph G is undirected

and connected, i.e., (i, j) 2 E if and only if (j, i) 2 E and

for every pair of vertices in V there exists a path of edges

in E that connects them.

Each edge (i, j) 2 E has an associated weight wij , which
measures how much agent i values the information received
by agent j. For those (i, j) /2 E we set wij = 0, which mod-
els the fact that agent i does not receive any information
from agent j. We impose the following assumption on the
network weights.

Assumption 4 (Balanced information exchange). For all

i, j = 1, . . . , N , wij 2 [0, 1) and wij = wji. Furthermore

•
PN

i=1 wij = 1 for all j = 1, . . . , N ,

•
PN

j=1 wij = 1 for all i = 1, . . . , N ,

and wij > 0 if and only if (i, j) 2 E.

Let W 2 RN⇥N be the matrix whose (i, j)-th entry is
wij , often referred to as the consensus matrix. Assump-
tion 4 translates into requiring W to be symmetric and
doubly stochastic, i.e., W = W

> and W N = W
>

N =

N . We should point out that Assumptions 3 and 4 are
common in the consensus-based distributed optimization
literature, see, e.g., [2, 3].
Finally, we impose the following additional assumption

on the consensus matrix.

Assumption 5. W is positive semidefinite.

Note that this assumption is not too restrictive. Indeed,
in Section 3.3.2 we will show that if the agents perform
two consecutive communication in the same iteration with
any consensus matrix satisfying Assumption 4, then this
is equivalent to a single communication with a consensus
matrix satisfying both Assumptions 4 and 5.

3.2. Algorithm Description

In this section, we start from the parallel ADMM
and gradually introduce the reader to our proposed algo-
rithm to jointly gain insights about the underlying mech-
anism and motivate the role of the consensus and tracking

schemes.
The update (3c) for �k in the parallel ADMM resembles

a gradient step aiming at maximizing the cost function
of D. Distributed implementations of gradient-based ap-
proaches to solve optimization problems with common de-
cision variables in the form of D are well known, see e.g. [2].
Typically, each agent i maintain a vector �i,k 2 Rp, repre-
senting a local version (or copy) of �k, which is iteratively
updated according to a consensus-based scheme to force
agreement of the local copies. If, at each iteration, the
quantity dk+1 were available to all agents, then we could
propose the following local update step of �i,k for agent i

�i,k+1 =
X

j2Ni

wij �j,k + c dk+1, (4)

Algorithm 1 Tracking-ADMM

1: Initialization

2: xi,0 2 Xi

3: di,0 = Aixi,0 � bi

4: �i,0 2 Rp

5: Repeat until convergence

6: �i,k =
P

j2Ni
wij dj,k

7: `i,k =
P

j2Ni
wij �j,k

8: xi,k+1 2 argmin
xi2Xi

n
fi(xi) + `

>
i,kAixi

+
c

2
kAixi �Aixi,k + �i,kk

2
o

9: di,k+1 = �i,k +Aixi,k+1 �Aixi,k

10: �i,k+1 = `i,k + c di,k+1

11: k  k + 1

for all i = 1, . . . , N .
However, update (4) cannot be implemented in a fully

distributed scheme since dk+1 is not locally available and
should be computed by a central unit (cf. (3b)). In the
same spirit of �i,k, a distributed counterpart for (3b) can
be obtained by equipping each agent i with a local auxil-
iary quantity di,k 2 Rp, which serves as a local estimate
of dk. Since dk is the average of Aixi,k � bi, i = 1, . . . , N

(with
PN

i=1 bi = b), we propose to update di,k according
to a (distributed) dynamic average consensus mechanism,
see [19, 20]:

di,k+1 =
X

j2Ni

wij dj,k+(Aixi,k+1�bi)� (Aixi,k�bi), (5)

initialized with di,0 = Aixi,0 � bi, for all i = 1, . . . , N .
In this way, di,k acts as a distributed tracker of the (time-

varying) signal (1/N)
PN

i=1 (Aixi,k � bi). Using di,k+1 in
place of dk+1 in (4) makes the update of �i,k fully dis-
tributed.
Clearly, since we propose to replace the centralized

quantities �k and dk with their local counterparts, the lo-
cal minimization in (3a) has to be adjusted accordingly.
The Tracking-ADMM is formally summarized in Algo-
rithm 1 from the perspective of agent i. Specifically, the
adapted local minimization to compute xi,k+1 is shown
in Step 8, where �k and dk in the original centralized up-
date (3a), are replaced by the local averages `i,k and �i,k,
respectively (cf. Steps 6 and 7).
Some remarks are in order. First, we shall stress that all

update steps (cf. Steps 8-10) are fully distributed, as they
only use quantities that are either locally known to agent
i or collected by agent i via neighboring communications
(cf. Steps 6 and 7). Moreover, the minimization in Step 8
is always well defined in view of Assumption 1.
While the initialization of xi,k and �i,k can be arbi-

trary, the correct initialization of di,k as per Step 3 is
crucial, consistently with other tracking-based approaches
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quantities �k and dk with their local counterparts, the lo-
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The Tracking-ADMM is formally summarized in Algo-
rithm 1 from the perspective of agent i. Specifically, the
adapted local minimization to compute xi,k+1 is shown
in Step 8, where �k and dk in the original centralized up-
date (3a), are replaced by the local averages `i,k and �i,k,
respectively (cf. Steps 6 and 7).

Some remarks are in order. First, we shall stress that all
update steps (cf. Steps 8-10) are fully distributed, as they
only use quantities that are either locally known to agent
i or collected by agent i via neighboring communications
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Distributed Constraint-Coupled Optimizationwhere Ai 2 Rp⇥ni and b 2 Rp specify the coupling con-
straint.
We impose the following regularity conditions on P.

Assumption 1 (Convexity and compactness). For all i =
1, . . . , N , the function fi is convex and the set Xi is convex

and compact.

Let x = [x>
1 · · · x

>
N ]>, consider a vector � 2 Rp of La-

grange multipliers and define

L(x,�) =
NX

i=1

fi(xi) + �
>
✓ NX

i=1

Aixi � b

◆
(1)

the Lagrangian function obtained by dualizing the cou-
pling constraint

PN
i=1 Aixi = b. Then, the dual problem

of P is

max
�2Rp

min
x2X

L(x,�) = max
�2Rp

NX

i=1

'i(�), (D)

where X = X1 ⇥ · · ·⇥XN , and the i-th contribution 'i is
defined as

'i(�) = min
xi2Xi

fi(xi) + �
>(Aixi � bi), (2)

the vectors b1, . . . , bN being such that
PN

i=1 bi = b.
The next assumption ensures that P and D are well-

posed.

Assumption 2 (Existence of optimal solutions). Prob-

lem P admits an optimal solution x? = [x?
1
>

· · · x
?
N
>]>

and problem D admits an optimal solution �
?
.

Next, we revise the popular ADMM algorithm which
provides an e↵ective way to solve P by splitting the com-
putation over N agents coordinated by a central unit.

2.2. The ADMM Parallel Algorithm

A version of the ADMM algorithm specifically tai-
lored to problem P is presented in [17, pag. 254, eq.
(4.75)] and is reported here with our notation for the
reader’s convenience. Given initial values xi,0 2 Xi,

d0 = (1/N)
PN

i=1(Aixi,0 � bi), and �0 2 Rp, at each itera-
tion k � 0, a set of N agents and a central unit perform the
following two steps. First, all agents, i = 1, . . . , N , com-
pute (in parallel) a minimizer of the following optimization
problem

xi,k+1 2 argmin
xi2Xi

n
fi(xi) + �

>
k Aixi

+
c

2
kAixi �Aixi,k + dkk

2
o
,

(3a)

where c > 0 is a (constant) penalty parameter. Then,
each agent sends the quantity Aixi,k+1 � bi to the central
unit, which computes and broadcasts back to all agents

the following two quantities

dk+1 =
1

N

NX

i=1

(Aixi,k+1 � bi) (3b)

�k+1 = �k + c dk+1, (3c)

where the parameter c is the same as in (3a). We shall
point out that dk+1 has no dynamics as it is the average

of the local contributions Aixi,k+1�bi to the coupling con-
straint and it measures the infeasibility of the current ten-
tative solutions xi,k+1, i = 1, . . . , N . Its “average” struc-
ture is crucial and will be exploited in the design of our
Tracking-ADMM distributed algorithm.
The evolution of (3) is analyzed in [17, pagg. 254-256]

and its convergence property is reported below.

Proposition ([17, Proposition 4.2]). Let Assumptions 1

and 2 hold. Then, any limit point of the primal sequence

{[x>
1,k · · · x

>
N,k]

>
}
k�0

generated by (3a), is an optimal so-

lution of P, and the dual sequence {�k}k�0, generated

by (3c), converges to an optimal solution of D.

Notice that, since all limit points of the primal sequence
are optimal, they are necessarily feasible for the coupling
constraint. It thus follows that the sequence {dk}k�0 gen-
erated by (3b) converges to zero. Moreover, we shall stress
that no requirement on the penalty parameter c is neces-
sary for the convergence result to hold.
Finally, note that the algorithm described by (3) re-

quires a central unit to compute (3b) and (3c). This ham-
pers the applicability of ADMM to a distributed compu-
tation framework, where agents communicate only with
neighbors according to a (typically sparse) communica-
tion graph. Schemes requiring a central unit are usually
referred to as parallel schemes. For this reason in the rest
of the paper we will refer to (3) as the parallel ADMM.

3. Tracking-ADMM Distributed Algorithm

In this section we propose our novel distributed opti-
mization algorithm for constraint-coupled problems. We
first introduce the distributed framework and then de-
scribe the algorithm along with its convergence properties.

3.1. Distributed Computation Framework

Assume that, at each iteration k, the N agents com-
municate according to a graph G = (V, E), where V =
{1, . . . , N} is the set of nodes, representing the agents, and
E ✓ V⇥V is the set of edges, representing the communica-
tion links. The presence of edge (i, j) in E models the fact
that agent i receives information from agent j. We assume
that the communication graph does not change across it-
erations and, consequently, E does not depend on the iter-
ation index k. We denote by Ni = {j 2 V | (i, j) 2 E} the
set of neighbors of agent i in G, assuming that (i, i) 2 E

for all i = 1, . . . , N . We impose the following connectivity
property on G.
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on the consensus matrix.
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schemes.
The update (3c) for �k in the parallel ADMM resembles
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X
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Algorithm 1 Tracking-ADMM

1: Initialization

2: xi,0 2 Xi

3: di,0 = Aixi,0 � bi
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9: di,k+1 = �i,k +Aixi,k+1 �Aixi,k
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11: k  k + 1

for all i = 1, . . . , N .
However, update (4) cannot be implemented in a fully
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see [19, 20]:

di,k+1 =
X

j2Ni

wij dj,k+(Aixi,k+1�bi)� (Aixi,k�bi), (5)

initialized with di,0 = Aixi,0 � bi, for all i = 1, . . . , N .
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in Step 8, where �k and dk in the original centralized up-
date (3a), are replaced by the local averages `i,k and �i,k,
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update steps (cf. Steps 8-10) are fully distributed, as they
only use quantities that are either locally known to agent
i or collected by agent i via neighboring communications
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where Ai 2 Rp⇥ni and b 2 Rp specify the coupling con-
straint.

We impose the following regularity conditions on P.

Assumption 1 (Convexity and compactness). For all i =
1, . . . , N , the function fi is convex and the set Xi is convex

and compact.

Let x = [x>
1 · · · x

>
N ]>, consider a vector � 2 Rp of La-

grange multipliers and define

L(x,�) =
NX

i=1

fi(xi) + �
>
✓ NX

i=1

Aixi � b

◆
(1)

the Lagrangian function obtained by dualizing the cou-
pling constraint

PN
i=1 Aixi = b. Then, the dual problem

of P is

max
�2Rp

min
x2X

L(x,�) = max
�2Rp

NX

i=1

'i(�), (D)

where X = X1 ⇥ · · ·⇥XN , and the i-th contribution 'i is
defined as

'i(�) = min
xi2Xi

fi(xi) + �
>(Aixi � bi), (2)

the vectors b1, . . . , bN being such that
PN

i=1 bi = b.
The next assumption ensures that P and D are well-

posed.

Assumption 2 (Existence of optimal solutions). Prob-

lem P admits an optimal solution x? = [x?
1
>

· · · x
?
N
>]>

and problem D admits an optimal solution �
?
.

Next, we revise the popular ADMM algorithm which
provides an e↵ective way to solve P by splitting the com-
putation over N agents coordinated by a central unit.

2.2. The ADMM Parallel Algorithm

A version of the ADMM algorithm specifically tai-
lored to problem P is presented in [17, pag. 254, eq.
(4.75)] and is reported here with our notation for the
reader’s convenience. Given initial values xi,0 2 Xi,

d0 = (1/N)
PN

i=1(Aixi,0 � bi), and �0 2 Rp, at each itera-
tion k � 0, a set of N agents and a central unit perform the
following two steps. First, all agents, i = 1, . . . , N , com-
pute (in parallel) a minimizer of the following optimization
problem

xi,k+1 2 argmin
xi2Xi

n
fi(xi) + �

>
k Aixi

+
c

2
kAixi �Aixi,k + dkk

2
o
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(3a)

where c > 0 is a (constant) penalty parameter. Then,
each agent sends the quantity Aixi,k+1 � bi to the central
unit, which computes and broadcasts back to all agents

the following two quantities

dk+1 =
1

N

NX

i=1

(Aixi,k+1 � bi) (3b)

�k+1 = �k + c dk+1, (3c)

where the parameter c is the same as in (3a). We shall
point out that dk+1 has no dynamics as it is the average

of the local contributions Aixi,k+1�bi to the coupling con-
straint and it measures the infeasibility of the current ten-
tative solutions xi,k+1, i = 1, . . . , N . Its “average” struc-
ture is crucial and will be exploited in the design of our
Tracking-ADMM distributed algorithm.

The evolution of (3) is analyzed in [17, pagg. 254-256]
and its convergence property is reported below.

Proposition ([17, Proposition 4.2]). Let Assumptions 1

and 2 hold. Then, any limit point of the primal sequence

{[x>
1,k · · · x

>
N,k]

>
}
k�0

generated by (3a), is an optimal so-

lution of P, and the dual sequence {�k}k�0, generated

by (3c), converges to an optimal solution of D.

Notice that, since all limit points of the primal sequence
are optimal, they are necessarily feasible for the coupling
constraint. It thus follows that the sequence {dk}k�0 gen-
erated by (3b) converges to zero. Moreover, we shall stress
that no requirement on the penalty parameter c is neces-
sary for the convergence result to hold.

Finally, note that the algorithm described by (3) re-
quires a central unit to compute (3b) and (3c). This ham-
pers the applicability of ADMM to a distributed compu-
tation framework, where agents communicate only with
neighbors according to a (typically sparse) communica-
tion graph. Schemes requiring a central unit are usually
referred to as parallel schemes. For this reason in the rest
of the paper we will refer to (3) as the parallel ADMM.

3. Tracking-ADMM Distributed Algorithm

In this section we propose our novel distributed opti-
mization algorithm for constraint-coupled problems. We
first introduce the distributed framework and then de-
scribe the algorithm along with its convergence properties.

3.1. Distributed Computation Framework

Assume that, at each iteration k, the N agents com-
municate according to a graph G = (V, E), where V =
{1, . . . , N} is the set of nodes, representing the agents, and
E ✓ V⇥V is the set of edges, representing the communica-
tion links. The presence of edge (i, j) in E models the fact
that agent i receives information from agent j. We assume
that the communication graph does not change across it-
erations and, consequently, E does not depend on the iter-
ation index k. We denote by Ni = {j 2 V | (i, j) 2 E} the
set of neighbors of agent i in G, assuming that (i, i) 2 E

for all i = 1, . . . , N . We impose the following connectivity
property on G.
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PN

i=1 bi = b.
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Next, we revise the popular ADMM algorithm which
provides an e↵ective way to solve P by splitting the com-
putation over N agents coordinated by a central unit.

2.2. The ADMM Parallel Algorithm

A version of the ADMM algorithm specifically tai-
lored to problem P is presented in [17, pag. 254, eq.
(4.75)] and is reported here with our notation for the
reader’s convenience. Given initial values xi,0 2 Xi,
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i=1(Aixi,0 � bi), and �0 2 Rp, at each itera-
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where c > 0 is a (constant) penalty parameter. Then,
each agent sends the quantity Aixi,k+1 � bi to the central
unit, which computes and broadcasts back to all agents

the following two quantities

dk+1 =
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(Aixi,k+1 � bi) (3b)

�k+1 = �k + c dk+1, (3c)

where the parameter c is the same as in (3a). We shall
point out that dk+1 has no dynamics as it is the average

of the local contributions Aixi,k+1�bi to the coupling con-
straint and it measures the infeasibility of the current ten-
tative solutions xi,k+1, i = 1, . . . , N . Its “average” struc-
ture is crucial and will be exploited in the design of our
Tracking-ADMM distributed algorithm.

The evolution of (3) is analyzed in [17, pagg. 254-256]
and its convergence property is reported below.
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and 2 hold. Then, any limit point of the primal sequence
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generated by (3a), is an optimal so-

lution of P, and the dual sequence {�k}k�0, generated

by (3c), converges to an optimal solution of D.

Notice that, since all limit points of the primal sequence
are optimal, they are necessarily feasible for the coupling
constraint. It thus follows that the sequence {dk}k�0 gen-
erated by (3b) converges to zero. Moreover, we shall stress
that no requirement on the penalty parameter c is neces-
sary for the convergence result to hold.

Finally, note that the algorithm described by (3) re-
quires a central unit to compute (3b) and (3c). This ham-
pers the applicability of ADMM to a distributed compu-
tation framework, where agents communicate only with
neighbors according to a (typically sparse) communica-
tion graph. Schemes requiring a central unit are usually
referred to as parallel schemes. For this reason in the rest
of the paper we will refer to (3) as the parallel ADMM.

3. Tracking-ADMM Distributed Algorithm

In this section we propose our novel distributed opti-
mization algorithm for constraint-coupled problems. We
first introduce the distributed framework and then de-
scribe the algorithm along with its convergence properties.

3.1. Distributed Computation Framework

Assume that, at each iteration k, the N agents com-
municate according to a graph G = (V, E), where V =
{1, . . . , N} is the set of nodes, representing the agents, and
E ✓ V⇥V is the set of edges, representing the communica-
tion links. The presence of edge (i, j) in E models the fact
that agent i receives information from agent j. We assume
that the communication graph does not change across it-
erations and, consequently, E does not depend on the iter-
ation index k. We denote by Ni = {j 2 V | (i, j) 2 E} the
set of neighbors of agent i in G, assuming that (i, i) 2 E
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Next, we revise the popular ADMM algorithm which
provides an e↵ective way to solve P by splitting the com-
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2.2. The ADMM Parallel Algorithm

A version of the ADMM algorithm specifically tai-
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where c > 0 is a (constant) penalty parameter. Then,
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unit, which computes and broadcasts back to all agents
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point out that dk+1 has no dynamics as it is the average
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straint and it measures the infeasibility of the current ten-
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Assumption 3 (Connectivity). The graph G is undirected

and connected, i.e., (i, j) 2 E if and only if (j, i) 2 E and

for every pair of vertices in V there exists a path of edges

in E that connects them.

Each edge (i, j) 2 E has an associated weight wij , which
measures how much agent i values the information received
by agent j. For those (i, j) /2 E we set wij = 0, which mod-
els the fact that agent i does not receive any information
from agent j. We impose the following assumption on the
network weights.

Assumption 4 (Balanced information exchange). For all

i, j = 1, . . . , N , wij 2 [0, 1) and wij = wji. Furthermore

•
PN

i=1 wij = 1 for all j = 1, . . . , N ,

•
PN

j=1 wij = 1 for all i = 1, . . . , N ,

and wij > 0 if and only if (i, j) 2 E.

Let W 2 RN⇥N be the matrix whose (i, j)-th entry is
wij , often referred to as the consensus matrix. Assump-
tion 4 translates into requiring W to be symmetric and
doubly stochastic, i.e., W = W

> and W N = W
>

N =

N . We should point out that Assumptions 3 and 4 are
common in the consensus-based distributed optimization
literature, see, e.g., [2, 3].

Finally, we impose the following additional assumption
on the consensus matrix.

Assumption 5. W is positive semidefinite.

Note that this assumption is not too restrictive. Indeed,
in Section 3.3.2 we will show that if the agents perform
two consecutive communication in the same iteration with
any consensus matrix satisfying Assumption 4, then this
is equivalent to a single communication with a consensus
matrix satisfying both Assumptions 4 and 5.

3.2. Algorithm Description

In this section, we start from the parallel ADMM
and gradually introduce the reader to our proposed algo-
rithm to jointly gain insights about the underlying mech-
anism and motivate the role of the consensus and tracking

schemes.
The update (3c) for �k in the parallel ADMM resembles

a gradient step aiming at maximizing the cost function
of D. Distributed implementations of gradient-based ap-
proaches to solve optimization problems with common de-
cision variables in the form of D are well known, see e.g. [2].
Typically, each agent i maintain a vector �i,k 2 Rp, repre-
senting a local version (or copy) of �k, which is iteratively
updated according to a consensus-based scheme to force
agreement of the local copies. If, at each iteration, the
quantity dk+1 were available to all agents, then we could
propose the following local update step of �i,k for agent i

�i,k+1 =
X
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wij �j,k + c dk+1, (4)
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for all i = 1, . . . , N .
However, update (4) cannot be implemented in a fully

distributed scheme since dk+1 is not locally available and
should be computed by a central unit (cf. (3b)). In the
same spirit of �i,k, a distributed counterpart for (3b) can
be obtained by equipping each agent i with a local auxil-
iary quantity di,k 2 Rp, which serves as a local estimate
of dk. Since dk is the average of Aixi,k � bi, i = 1, . . . , N

(with
PN

i=1 bi = b), we propose to update di,k according
to a (distributed) dynamic average consensus mechanism,
see [19, 20]:

di,k+1 =
X

j2Ni

wij dj,k+(Aixi,k+1�bi)� (Aixi,k�bi), (5)

initialized with di,0 = Aixi,0 � bi, for all i = 1, . . . , N .
In this way, di,k acts as a distributed tracker of the (time-

varying) signal (1/N)
PN

i=1 (Aixi,k � bi). Using di,k+1 in
place of dk+1 in (4) makes the update of �i,k fully dis-
tributed.

Clearly, since we propose to replace the centralized
quantities �k and dk with their local counterparts, the lo-
cal minimization in (3a) has to be adjusted accordingly.
The Tracking-ADMM is formally summarized in Algo-
rithm 1 from the perspective of agent i. Specifically, the
adapted local minimization to compute xi,k+1 is shown
in Step 8, where �k and dk in the original centralized up-
date (3a), are replaced by the local averages `i,k and �i,k,
respectively (cf. Steps 6 and 7).

Some remarks are in order. First, we shall stress that all
update steps (cf. Steps 8-10) are fully distributed, as they
only use quantities that are either locally known to agent
i or collected by agent i via neighboring communications
(cf. Steps 6 and 7). Moreover, the minimization in Step 8
is always well defined in view of Assumption 1.

While the initialization of xi,k and �i,k can be arbi-
trary, the correct initialization of di,k as per Step 3 is
crucial, consistently with other tracking-based approaches
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is always well defined in view of Assumption 1.

While the initialization of xi,k and �i,k can be arbi-
trary, the correct initialization of di,k as per Step 3 is
crucial, consistently with other tracking-based approaches
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and connected, i.e., (i, j) 2 E if and only if (j, i) 2 E and

for every pair of vertices in V there exists a path of edges

in E that connects them.

Each edge (i, j) 2 E has an associated weight wij , which
measures how much agent i values the information received
by agent j. For those (i, j) /2 E we set wij = 0, which mod-
els the fact that agent i does not receive any information
from agent j. We impose the following assumption on the
network weights.

Assumption 4 (Balanced information exchange). For all
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> and W N = W
>

N =

N . We should point out that Assumptions 3 and 4 are
common in the consensus-based distributed optimization
literature, see, e.g., [2, 3].

Finally, we impose the following additional assumption
on the consensus matrix.

Assumption 5. W is positive semidefinite.

Note that this assumption is not too restrictive. Indeed,
in Section 3.3.2 we will show that if the agents perform
two consecutive communication in the same iteration with
any consensus matrix satisfying Assumption 4, then this
is equivalent to a single communication with a consensus
matrix satisfying both Assumptions 4 and 5.

3.2. Algorithm Description

In this section, we start from the parallel ADMM
and gradually introduce the reader to our proposed algo-
rithm to jointly gain insights about the underlying mech-
anism and motivate the role of the consensus and tracking

schemes.
The update (3c) for �k in the parallel ADMM resembles

a gradient step aiming at maximizing the cost function
of D. Distributed implementations of gradient-based ap-
proaches to solve optimization problems with common de-
cision variables in the form of D are well known, see e.g. [2].
Typically, each agent i maintain a vector �i,k 2 Rp, repre-
senting a local version (or copy) of �k, which is iteratively
updated according to a consensus-based scheme to force
agreement of the local copies. If, at each iteration, the
quantity dk+1 were available to all agents, then we could
propose the following local update step of �i,k for agent i

�i,k+1 =
X

j2Ni

wij �j,k + c dk+1, (4)

Algorithm 1 Tracking-ADMM

1: Initialization

2: xi,0 2 Xi

3: di,0 = Aixi,0 � bi

4: �i,0 2 Rp

5: Repeat until convergence

6: �i,k =
P

j2Ni
wij dj,k

7: `i,k =
P

j2Ni
wij �j,k

8: xi,k+1 2 argmin
xi2Xi

n
fi(xi) + `

>
i,kAixi

+
c

2
kAixi �Aixi,k + �i,kk

2
o

9: di,k+1 = �i,k +Aixi,k+1 �Aixi,k

10: �i,k+1 = `i,k + c di,k+1

11: k  k + 1

for all i = 1, . . . , N .
However, update (4) cannot be implemented in a fully

distributed scheme since dk+1 is not locally available and
should be computed by a central unit (cf. (3b)). In the
same spirit of �i,k, a distributed counterpart for (3b) can
be obtained by equipping each agent i with a local auxil-
iary quantity di,k 2 Rp, which serves as a local estimate
of dk. Since dk is the average of Aixi,k � bi, i = 1, . . . , N

(with
PN

i=1 bi = b), we propose to update di,k according
to a (distributed) dynamic average consensus mechanism,
see [19, 20]:

di,k+1 =
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j2Ni

wij dj,k+(Aixi,k+1�bi)� (Aixi,k�bi), (5)

initialized with di,0 = Aixi,0 � bi, for all i = 1, . . . , N .
In this way, di,k acts as a distributed tracker of the (time-

varying) signal (1/N)
PN

i=1 (Aixi,k � bi). Using di,k+1 in
place of dk+1 in (4) makes the update of �i,k fully dis-
tributed.

Clearly, since we propose to replace the centralized
quantities �k and dk with their local counterparts, the lo-
cal minimization in (3a) has to be adjusted accordingly.
The Tracking-ADMM is formally summarized in Algo-
rithm 1 from the perspective of agent i. Specifically, the
adapted local minimization to compute xi,k+1 is shown
in Step 8, where �k and dk in the original centralized up-
date (3a), are replaced by the local averages `i,k and �i,k,
respectively (cf. Steps 6 and 7).

Some remarks are in order. First, we shall stress that all
update steps (cf. Steps 8-10) are fully distributed, as they
only use quantities that are either locally known to agent
i or collected by agent i via neighboring communications
(cf. Steps 6 and 7). Moreover, the minimization in Step 8
is always well defined in view of Assumption 1.

While the initialization of xi,k and �i,k can be arbi-
trary, the correct initialization of di,k as per Step 3 is
crucial, consistently with other tracking-based approaches
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Clearly, since we propose to replace the centralized
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Consensus / Consensus tracker
(distributed)

Distributed Constraint-Coupled Optimization

• Distributed tracker requires specific initiatization

Drawbacks :

• Standard consensus versus asynchrony/packet losses ?
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Consensus / Consensus tracker
(distributed)



Distributed Constraint-Coupled Optimization
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Alternative idea :  ADMM-consensus (ongoing work with G. Carnevale,
I. Notarnicola (UNIBO))

&",( 9, )",(

Dynamic average consensus - ADMM

! Distributed coupled-constraint optimization

! Dynamic Average Consensus based on ADMM (Alternating

Direction Method Multipliers)

! Application to energy systems (Energy communities)

! A step toward decarbonization…

N. Bastianello, R. Carli. ADMM for dynamic average consensus over imperfect networks.  In 
Necsys 2022



Dynamic Consensus - ADMM
= (V, E) be an undirected, connected graph

nodes, let {vi,k ∈ Rn}k×N, i = 1, . . . , N , be the signals
observed by each of the nodes, and {xi}N the local states

= 1, . . . , N , be the signals
observed by each of the nodes, and {xi}Ni=1 the local states
of the nodes. Our goal is to design a distributed algorithm

that tracks the time-varying average
{
v̄k :=

1

N

N∑

i=1

vi,k

}

k×N
,

such that the local states xi converge to (a neighbor-

signals observed by each of the nodes

local states of the nodes

Goal : to track time-varying average
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E
where it is straightforward to see that x×

k = 1N ∈ v̄k, since

following time-varying, distributed optimization problem:

x×
k = argmin

xi⊤Rn,i=1,...,N

N∑

i=1

1

2
∈xi ⊗ vi,k∈2

s.t. xi = xj if (i, j) ∥ E
where it is straightforward to see that x× = 1N ⊂ v̄

Optimization Problem
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+1 in (4) makes the update of

Distributed optimization over networks

E
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Solution based on distributed relaxed ADMM algorithm

Asynchronous implementation/ robustness to packet losses

No specific initialization is required

Interesting convergence rate



Optimization in Engineering : relaxed-ADMM
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Augmented Lagrangian
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Distributed Constraint-Coupled Optimization
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Dynamic consensus ADMM (distributed relaxed-ADMM)

• distributed algorithm robust to packet losses, asynchrony

• no need for specific initialization

• interesting convergence rate

Features :



Outline

! Distributed coupled-constraint optimization

! Dynamic Average Consensus based on ADMM (Alternating

Direction Method Multipliers)

! Application to energy systems (Energy communities)

! A step toward decarbonization…

Energy communities
Energy communities : legal entities that empowers “citizens, small businesses
and local authorities to produce, manage and consume their own energy.”

Energy community

(thousands projects in Europe reduction UV- emissions)

Main distribution grid

The concept of energy community has been introduced by the European
Community in the Clean Energy for all Europeans Package (CEP) in 2019



Energy communities – Italian case
Energy communities : legal entities that empowers “citizens, small businesses
and local authorities to produce, manage and consume their own energy.”

Energy community

(5000+ projects in Europe reduction UV- emissions)

Main distribution grid

Incentives to build energy communities : PV panels, batteries, heat pumps…

Energy communities – Italian case
Energy communities : legal entities that empowers “citizens, small businesses
and local authorities to produce, manage and consume their own energy.”

Energy community

(5000+ projects in Europe reduction UV- emissions)

Main distribution grid

Incentives to maximize shared energy = energy produced and used within
the community



Energy communities – Italian case
Energy communities : legal entities that empowers “citizens, small businesses
and local authorities to produce, manage and consume their own energy.”

Energy community

(5000+ projects in Europe reduction UV- emissions)

Main distribution grid

Incentives to maximize shared energy = energy produced and used within
the community

minimization of energy required from the main grid

Design of an Energy community

Energy community Main distribution grid

• selection of the users within an EC based on their load profiles

• selection of the energy units (photovoltaics, electrical and thermal storage, 
heat pumps, charging stations for electric vehicles, etc.)  

optimization problem (MILP) including information about users, forecast, etc.



Real-time management of ECs (active power)

Energy community Main distribution grid

MAXIMIZATION                            SHARED ENERGY (incentives)
(storage, shiftable loads,
charging station, etc.)

subject to • local constraints (voltage, current, 
power constraints)

• coupled constraints (power balance)

as common decision vector the collection of all local deci-
sion vectors. Agents would then have to store and update
the entire solution estimate of the problem rather than
the portion associated with their decision variables only,
and would have all to know the global coupling constraint.
These major drawbacks hamper the applicability of those
methods to practical applications, thus calling for novel
and e�cient strategies that takes advantage of the net-
work structure of the problem at hand.
Recently developed approaches tackling constraint-

coupled problems directly are mostly based on Lagrangian
duality. In [27] a problem with sparse coupling constraints
is considered and a distributed dual gradient method
achieving linear convergence rate is proposed. A similar
structured problem is considered in [28] where a tailored
algorithm exploiting such structure is proved to converge
to the optimal solution of the problem. In [29, 30], primal-
dual approaches are proposed but they need a diminishing
step-size to achieve convergence. In [31, 32] distributed
dual subgradient algorithms are proposed, in [33] the dual
problem is tackled by means of consensus-ADMM and
proximal operators, while an alternative approach based
on successive duality steps has been investigated in [34];
however, all these algorithms typically exhibit a slow con-
vergence rate for the local decision variables. The track-
ing mechanism has been also employed in [35] to solve
constraint-coupled problems based on an augmented La-
grangian approach for a continuous time setting, but the
considered set-up does not allow for nonsmooth costs and
local constraints. Finally, in the very recent paper [36]
an idea similar to the one proposed in this paper is intro-
duced. However, the approach in [36] requires the agents
to perform multiple communication rounds and the num-
ber of rounds has to be carefully tuned to bound a non-
vanishing steady state error between the asymptotic algo-
rithmic solution and the optimal one.
The contributions of this paper are as follows. We

propose a novel, fully distributed optimization algorithm
to solve constraint-coupled problems over networks by
means of an ADMM-based approach. Di↵erently from dis-
tributed ADMM schemes for problems with common deci-
sion variables, we design our Tracking-ADMM distributed
algorithm by embedding a tracking mechanism into the
parallel ADMM designed for constraint-coupled problems.
The resulting algorithm enjoys the following appeal-

ing features: (i) no parameter tuning is needed, in fact
our algorithm works for all the (constant) choices of a
penalty parameter and no other coe�cients are necessary;
(ii) agents solve optimization problems depending on their
local (few) decision variables and asymptotically compute
only their portion of an optimal (hence feasible) solution to
the given problem; (iii) the local estimate of the coupling
constraint violation gives each agent a local assessment on
the amount of infeasibility, which can be useful, e.g., in
designing distributed (receding horizon) control schemes.
The convergence proof of our Tracking-ADMM for

constraint-coupled problems relies on control systems anal-

ysis tools. By explicitly relying on Lyapunov theory for
linear systems, we are able to find a constrained solution
to a suitable discrete Lyapunov equation that leads to an
aggregate descent condition allowing us to prove: (i) the
(exact) convergence of the dual variables to a dual opti-
mal solution and (ii) that any limit point of the primal
sequences is an optimal solution of the original constraint-
coupled problem. This novel approach allows us to derive
a clean and elegant proof of the asymptotic optimality of
our algorithm.
The rest of the paper is organized as follows. In Section 2

we present the problem set-up and in Section 2.2 we re-
vise the ADMM algorithm. In Section 3 we introduce our
novel Tracking-ADMM distributed algorithm and analyze
its convergence properties, discussing the main steps of the
proof. In Section 4 we apply our algorithm on a realistic
application related to the optimal charging schedule for a
fleet of electric vehicles. In Section 5 we draw some con-
clusions and finally, in Appendix A we report the proofs
of all the results stated in the body of the paper.

Notation. The vector in Rn containing all ones is denoted
by n. The identity matrix of order n is denoted by In.
The Kronecker product is denoted by ⌦. For a matrix
S we write S

> to denote its transpose, S � 0 to de-
note that S is positive definite, ⇢(S) to denote the spec-
tral radius of S, and kSk for its spectral norm. We write
blkdiag(S1, . . . , Sn) to refer to the block-diagonal matrix
with S1, . . . , Sn as blocks. For a vector v, kvk is the Eu-
clidean norm of v, and, for any matrix S � 0, kvkS is the
weighted norm of v, i.e., kvk2S = v

>
Sv.

2. Constraint-Coupled Optimization

In this section we introduce the optimization set-up and
recall some preliminaries about the Alternating Direction
Method of Multipliers (ADMM).

2.1. Optimization Problem and Assumptions

We consider a system composed of N agents which are
willing to cooperatively solve an optimization program for-
mulated over the entire system. Each agent has to set its
local decision variables xi 2 Rni so as to minimize the sum
of local objective functions fi : Rni ! R, while satisfying
local constraints Xi ⇢ Rni as well as a linear constraint
that couples the decisions of all the agents. Formally, we
address the following mathematical program

min
x1,...,xN

NX

i=1

fi(xi)

subject to:
NX

i=1

Aixi = b

xi 2 Xi i = 1, . . . , N,

(P)
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Modeling a prosumer (renewable production)
for networks of thermostatically controlled loads. In [14] a
novel robust framework for the day-ahead energy scheduling
of a residential microgrid comprising interconnected smart
users is proposed. Arghandeh et al. [15] introduced a market-
based optimization algorithm, which was solved using multi-
objective, gradient-based heuristic optimization approach.
this algorithm aims to generate an optimal schedule for
community energy storage, considering both real-time and
day-ahead dimensions.

Model predictive control (MPC) is being considered as
a promising control strategy for efficiently managing users
resources. It is particularly well suited for system with
constraints and dynamics behaviour, making it an effective
approach for managing resources in various applications
[16], [17], [18]. Economic MPC stands as a well-established
methodology for effectively managing both the demand
and supply aspects of energy systems [19]. In MPC, the
optimization problem needs to be solved at each time instant,
which underscores the importance of designing efficient
online solvers. As the number of agents in the network
increases, the complexity of the optimization problem grows.
To tackle this issue, distributed optimization methods have
been developed [20], [21], [22]. In addition to computational
efficiency, distributed optimization methods in MPC also
addresses concerns regarding the privacy of individual agents
within the network. This paper presents a perspective on the
notion of energy sharing with a smart grid in a community
comprising various prosumers and assets, achieved through
the deployment of an innovative energy management system.

The main contribution of this work can be summarized
as follows:

• A formulation of the cooperative energy cost opti-
mization problem for energy communities with shared
energy incentives and BESS (see also [23] for a formu-
lation that includes TCLs).

• A regularized version of the proposed optimization
problem that can solved in distributed fashion despite
the coupling effects of shared energy with the DC-
ADMM algorithm [24], which preserves the privacy of
user data consumption.

• Numerical simulations which compare distributed
and centralized cooperative approaches with a non-
cooperative one. The results show a clear cost benefit
for the energy community achieved by our proposed
optimization framework.

II. NOTATION AND MODEL OF THE ENERGY COMMUNITY

The set of real and integer numbers are denoted by R
and Z, while R�0, N and R+,N+ denote their restriction to
nonnegative and positive entries, respectively. Matrices are
denoted by uppercase letters and vectors by bold lowercase
letters, whose entries are denoted by lowercase, nonbold
symbols. For instance, x = [x1, . . . , xn]> denotes a vector
of n 2 N+ entries xi 2 R with i = 1, . . . , n, and M =
{mij} denotes a square matrix of dimension n 2 N+ with
entries mij 2 R with i, j = 1, . . . , n. Moreover, the identity
matrix is denoted by In while 1n denotes a vector of ones

Fig. 1: Diagram illustrating the energy flow model of a prosumer
within an energy community.

of dimension n 2 N+. When clear from the context, the
subscript is omitted.

A. Signals and sampling
Given a continuous-time signal x(t) 2 R with t 2 R and

a sampling time � 2 N+, we denote by tk = �k with
k 2 N the discrete times at which the signal is sampled,
yielding the discrete time signal x(tk) 2 R. We also denote
by [x]Tk , where k, T 2 N the vector collecting T samples of
the continuous time signal starting from tk, namely

[x]Tk = [x(tk), · · · , x(tk+T�1)]
>
. (1)

B. Networks and Graphs
We consider networks of n 2 N+ interconnected agents

and describe the pattern of interactions by a graph G =
(V, E), where V = {1, . . . , n} is the set of nodes modeling
the agents, and E ✓ (V ⇥ V) is the set of edges modeling
the point-to-point interactions. The interactions among the
agents are assumed to be bidirectional, and therefore the
graph is undirected, i.e., if (i, j) 2 E then (j, i) 2 E . An
undirected graph G is said to be connected if between any
pair of nodes i, j 2 V there exists a path. Nodes i, j 2 V are
said to be neighbors if there exists an edge between them,
i.e., (i, j) 2 E . The set of neighbors of the i-th node is
denoted by Ni = {j 2 V : (i, j) 2 E}. We consider graphs
without self-loops, i.e., i 62 Ni.

C. Model of the energy community
We consider energy communities consisting of n 2 N

prosumers, interconnected according to an undirected graph
G = (V, E), which may, other than consuming power, also
produce power thanks to a renewable generator (RG), and
store energy thanks to a Battery Energy Storage System
(BESS). We now describe the energy flow model at the
prosumer i 2 V level depicted in Fig. 1. The energy
production due to the RG is denoted by gi(t) 2 R�0,
which can be divided into two components g

c
i (t) and g

s
i (t),

representing consumed (by the user) and sold (to the grid)
portions of generation, respectively,

gi(t) = g
c
i (t) + g

s
i (t). (2)

The energy utilized by the prosumer to recharge and dis-
charge the BESS are denoted by ri(t) 2 R�0 and di(t) 2
R�0, respectively. We model the charging/discharging be-
havior of the BESS as follows [25, Section III-A]

e
MAX
i

d

dt
"i(t) = ⌘iri(t)� di(t), (3)
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the operation of a microgrid by determining the optimal
schedule for DERs and shiftable loads while minimizing
energy costs and satisfying grid constraints Boyd et al.
(2011). However, centralized MILP approaches often suf-
fer from scalability issues. To overcome these limitations,
distributed optimization methods have gained significant
attention in recent years. Among these, the Alternating
Direction Method of Multipliers (ADMM) has emerged
as a powerful framework for solving large-scale optimiza-
tion problems in a decentralized manner Carnevale et al.
(2025). ADMM decomposes complex optimization prob-
lems into smaller, more manageable subproblems that can
be solved in parallel by individual agents (e.g., households,
microgrids, or DERs), while coordinating with a central
entity or other agents to achieve a global optimum Bas-
tianello et al. (2022). For instance, in a smart grid scenario,
ADMM can be used to coordinate energy management
across multiple households, ensuring that the overall grid
load is balanced without requiring a central authority to
collect and process all the data Messilem et al. (2024b).
Despite these advancements, traditional ADMM formula-
tions often struggle to handle MILP problem, particularly
when combined with other discrete variables, such as bat-
tery states or appliance on/off decisions Brumali et al.
(2024). Furthermore, the integration of shiftable loads into
distributed energy management systems requires careful
consideration of user preferences, privacy concerns, and
communication overhead Gough et al. (2021).

In this work, we address this gap by proposing a novel
approach that integrates MILP with tracking ADMM to
optimize energy community systems, with a particular
focus on incorporating shiftable loads as a new ingredient
to enhance system flexibility. Our contribution is threefold:
(1) we formulate a MILP model that explicitly incor-
porates shiftable loads, enabling more granular control
over demand-side management; (2) we leverage tracking
ADMM to distribute the optimization process, reducing
computational burden and improving scalability; and (3)
we demonstrate the effectiveness of our approach through
case studies, highlighting its potential to achieve cost sav-
ings, improve grid stability, and enhance user satisfaction.
By bridging the gap between centralized optimization and
distributed algorithms, our work advances the state-of-the-
art in smart grid management and paves the way for more
resilient and adaptive energy systems.

Notation The set of real and integer numbers are denoted
by R and Z, while R≥0, N and R+,N+ denote their re-
striction to nonnegative and positive entries, respectively.
Matrices are denoted by uppercase letters and vectors by
bold lowercase letters, whose entries are denoted by low-
ercase, non bold symbols. Moreover, the identity matrix
is denoted by In while 1n denotes a vector of ones of
dimension n ∈ N+, and ⊗ denotes the Kronecker product.

2. MODEL OF THE ENERGY COMMUNITY

In this paper, we consider networks of n ∈ N+ intercon-
nected agents and describe the pattern of interactions by
a graph G = (V, E), where V = {1, . . . , n} is the set of
nodes modeling the agents, and E ⊆ (V × V) is the set
of edges modeling the point-to-point interactions. Nodes
i, j ∈ V are said to be neighbors if there exists an edge

between them, i.e., (i, j) ∈ E . The set of neighbors of
the i-th node is denoted by Ni = {j ∈ V : (i, j) ∈ E}. We
consider graphs without self-loops, i.e., i ̸∈ Ni. Each edge
(i, j) ∈ E has an associated weight wij , which measures
how much agent i evaluates the information received by
agent j. For (i, j) /∈ E we set wij = 0. We assume that for
all i, j = 1, . . . , n, wij ∈ [0, 1). Let W ∈ Rn×n be positive
semidefinite matrix whose entry (i, j) is wij , we assume
that W = W⊤ and W1n = W⊤1n = 1n. We consider
energy communities consisting of n ∈ N prosumers, which
may, other than consuming power, also produce power
thanks to a renewable generator (RG), and store energy
thanks to a Battery Energy Storage System (BESS).

We now describe the energy flow model at the prosumer
i ∈ V level. The energy production due to the RG
is denoted by gi(t) ∈ R≥0, which can be divided into
three components gci (t), gsci (t) and gsgi (t), representing
consumed (by the user), sold to the grid but consumed
by the community and sold to the grid but not consumed
by the community, respectively,

gi(t) = gci (t) + gsci (t) + gsgi (t). (1)

The energy utilized by the prosumer to recharge and
discharge the BESS are denoted by ri(t) ∈ R≥0 and di(t) ∈
R≥0, respectively. We model the charging/discharging
behavior of the BESS as follows (Rosewater et al., 2019,
Section III-A)

emaxi
d

dt
εi(t) = ηiri(t)− di(t), (2)

where:

• emaxi ∈ R≥0 is the maximum energy storage capacity.
• εi(t) ∈ [0, 1] is state of charge (SoC).
• ηi ∈ [0, 1] is the round trip efficiency.

The BESS’s discharging power di(t) ∈ R≥0 consists of two
components dci (t) ∈ R≥0 and dsi (t) ∈ R≥0, representing
consumed (by the user) and sold (to the grid) portions of
discharge power, respectively,

di(t) = dci (t) + dsi (t). (3)

Regarding energy consumption, we have two components:
shiftable load cSL,i and fixed load cF,i. While the fixed load
has strict time-requirements to be satisfied, the shiftable
load refers to devices, such as machines, that have a
predetermined operating duration Ton,i and energy profile
cSL,i(t) ≥ 0 for t ∈ [0, Ton,i], but the start time Tin,i can
be flexible. Let Tfin,i be the time in which the shiftable
load ends to be satisfied, then in our setup we assume
Tfin,i − Tin,i = Ton,i, that is, the load is satisfied within a
single continuous time window, preventing it from turning
on and off multiple times. Summarinzing, the total energy
consumption can be expressed as :

ci(t) = cF,i(t) + cSL,i(t− Tin,i) (4)

Finally, the energy withdrawn from (bought) and injected
into (sold) the grid are denoted by bi(t) ∈ R and si(t) ∈ R,
respectively, satisfying the following:

bi(t) = ri(t) + ci(t)− dci (t)− gci (t),

si(t) = dsi (t) + gsgi (t) + gsci (t).
(5)

3. OPTIMIZATION PROBLEM FORMULATION

In what follows we will use ∆ ∈ R≥0 to denote the
sampling time of the continuous-time signals in play, and
H = T∆ ∈ R≥0 for the optimization horizon, where
T ∈ N+ denotes the number of samples within the horizon.
Accordingly, we denote by tk = k∆ with k ∈ N the discrete
times at which samples are taken.

In the rest of the paper, to simplify the presentation, we
adopt the following compact notation

x := [x]Tk = [x(tk), · · · , x(tk+T−1)]
⊤ ∈ RT .

3.1 Decision variables and local constraints

We assume that the fixed consumption cF,i ∈ RT of the
prosumers cannot be modified to guarantee the highest
comfort. Therefore, it will not be considered as a decision
variable. The same holds for the energy produced gi ∈ RT

by the RG.

As a consequence, we consider as decision variables the
recharge ri ∈ RT and discharge di ∈ RT of the battery,
as well as the quantities dc

i ∈ RT , gc
i ∈ RT and gsc

i ∈ RT

which must satisfy the following constraints:

0 ≤ ri ≤ (rmaxi + ε)δbi − ε1,
0 ≤ di ≤ −δbi (d

max
i + ε) + dmaxi 1,

0 ≤ dc
i ≤ di,

0 ≤ gc
i ≤ gi,

0 ≤ gsc
i ≤ gi,

(6)

where rmaxi ∈ R≥0 and dmaxi ∈ R≥0 represent, respectively,
the maximum allowable recharge and discharge power of
each BESS and where

δb,i ∈ {0, 1}T ,
is such that δb,i(t) = 1, if the battery is charging at time
t, otherwise δb,i(t) = 0, if discharging.

In addition to the above quantities, notice that Tin,i is
also a decision variable that must satisfy Tfin,in = Tin,i +
Ton,i ≤ T . Now it is convenient to introduce the binary
variable

δSL,i ∈ {0, 1}T ,
such that δSL,i(t) = 1 if the shiftable load is on at time t
(resp., δSL,i(t) = 0 if the shiftable load is off at time t).
We impose on δSL

i the following constraints
∑k

t=1 δSL,i(t)

Ton
≥ δSL,i(k − 1)− δSL,i(k),

T∑

t=1

δSL,i(t) = Ton.
(7)

The inequality constraint ensures that the load is satisfied
within a single continuous time window, preventing it
from turning on and off multiple times. Meanwhile, the
equality constraint guarantees that the total operating
time satisfies the required duration of the loads Ton.

In the following we will consider δSL,i as decision variable
instead of Tin,i.

In residential loads, the total energy transferred from and
to the grid is limited due to the installed infrastructure.
Thus, according to eq. (5), we consider the following
constraints:

0 ≤
bi︷ ︸︸ ︷

ri + ci − dc
i − gc

i ≤ bmaxi 1,
0 ≤ ds

i + gsc
i + gsg

i︸ ︷︷ ︸
si

≤ smaxi 1,
(8)

where bmaxi ∈ R≥0 and smaxi ∈ R≥0 are the upper bounds
of the residential load power transfer from and to the grid.

The SoC of each BESSs must remain within the bounds
stated by their manufacturing companies,

εmini 1 ≤ εi ≤ εmaxi 1, (9)

where εmini and εmaxi represent the minimum and the
maximum allowable SoC, respectively. The dynamics of
the SoC in eq. (2) translates into the following set of
constraints:

εi = D

[
e1εi(tk−1) +

∆

emaxi

(ηiri − di)

]
, (10)

where e1 ∈ {0, 1}T and D ∈ RT×T are given by

e1 =

⎡

⎢⎢⎣

1
0
...
0

⎤

⎥⎥⎦ , D =

⎡

⎢⎢⎢⎢⎢⎣

1 0 · · · · · · 0
1 1 0 · · · 0

1
. . .

. . .
. . .

...
...
. . .

. . .
. . . 0

1 · · · 1 1 1

⎤

⎥⎥⎥⎥⎥⎦
.

We now introduce the concept of “shared energy”, defined
as the minimum, over windows W = Υ∆ of length Υ ∈ N,
between the energy injected into the grid and the energy
withdrawn from the grid by the users within that window.
We will always assume that the optimization horizon
H = T∆ contains a positive integer number h ∈ N+ of
pricing windows W , namely

⌊T/Υ⌋ = h ≥ 1.

For simplicity, in this paper we assume that h = T
Υ . To

formalize this concept, we define a function that sums the
samples of vector x = [x]Tk within windows of length Υ as
follows

g(x,Υ) = ∆(Ih ⊗ 1⊤
Υ)x.

This allows us to formally define shared energy as follows:

Esh(b, s,Υ) = min

{
∑

i∈V
g(bi,Υ),

∑

i∈V
g(si,Υ)

}
∈ Rh.

where b = [b⊤1 , . . . , b
⊤
n ]

⊤, s = [s⊤1 , . . . , s
⊤
n ]

⊤, and the
minimum is applied component-wise.

3.2 Centralized and distributed MILP Problem

In this work, the goal is to minimize the overall costs
for the energy community by taking advantage of the
incentives offered by the Italian government for energy
sharing within the community. Specifically, under the
regulations of the Italian energy market operator (GME),
prosumers are rewarded based on the amount of energy
they share, effectively lowering their energy costs. Let
pe ∈ Rh

≥0 represent the energy price, and psh ∈ Rh
≥0 denote

the economic incentive provided by the government for
shared energy, with each element representing a different
pricing period.
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energy costs and satisfying grid constraints Boyd et al.
(2011). However, centralized MILP approaches often suf-
fer from scalability issues. To overcome these limitations,
distributed optimization methods have gained significant
attention in recent years. Among these, the Alternating
Direction Method of Multipliers (ADMM) has emerged
as a powerful framework for solving large-scale optimiza-
tion problems in a decentralized manner Carnevale et al.
(2025). ADMM decomposes complex optimization prob-
lems into smaller, more manageable subproblems that can
be solved in parallel by individual agents (e.g., households,
microgrids, or DERs), while coordinating with a central
entity or other agents to achieve a global optimum Bas-
tianello et al. (2022). For instance, in a smart grid scenario,
ADMM can be used to coordinate energy management
across multiple households, ensuring that the overall grid
load is balanced without requiring a central authority to
collect and process all the data Messilem et al. (2024b).
Despite these advancements, traditional ADMM formula-
tions often struggle to handle MILP problem, particularly
when combined with other discrete variables, such as bat-
tery states or appliance on/off decisions Brumali et al.
(2024). Furthermore, the integration of shiftable loads into
distributed energy management systems requires careful
consideration of user preferences, privacy concerns, and
communication overhead Gough et al. (2021).

In this work, we address this gap by proposing a novel
approach that integrates MILP with tracking ADMM to
optimize energy community systems, with a particular
focus on incorporating shiftable loads as a new ingredient
to enhance system flexibility. Our contribution is threefold:
(1) we formulate a MILP model that explicitly incor-
porates shiftable loads, enabling more granular control
over demand-side management; (2) we leverage tracking
ADMM to distribute the optimization process, reducing
computational burden and improving scalability; and (3)
we demonstrate the effectiveness of our approach through
case studies, highlighting its potential to achieve cost sav-
ings, improve grid stability, and enhance user satisfaction.
By bridging the gap between centralized optimization and
distributed algorithms, our work advances the state-of-the-
art in smart grid management and paves the way for more
resilient and adaptive energy systems.

Notation The set of real and integer numbers are denoted
by R and Z, while R≥0, N and R+,N+ denote their re-
striction to nonnegative and positive entries, respectively.
Matrices are denoted by uppercase letters and vectors by
bold lowercase letters, whose entries are denoted by low-
ercase, non bold symbols. Moreover, the identity matrix
is denoted by In while 1n denotes a vector of ones of
dimension n ∈ N+, and ⊗ denotes the Kronecker product.

2. MODEL OF THE ENERGY COMMUNITY

In this paper, we consider networks of n ∈ N+ intercon-
nected agents and describe the pattern of interactions by
a graph G = (V, E), where V = {1, . . . , n} is the set of
nodes modeling the agents, and E ⊆ (V × V) is the set
of edges modeling the point-to-point interactions. Nodes
i, j ∈ V are said to be neighbors if there exists an edge

between them, i.e., (i, j) ∈ E . The set of neighbors of
the i-th node is denoted by Ni = {j ∈ V : (i, j) ∈ E}. We
consider graphs without self-loops, i.e., i ̸∈ Ni. Each edge
(i, j) ∈ E has an associated weight wij , which measures
how much agent i evaluates the information received by
agent j. For (i, j) /∈ E we set wij = 0. We assume that for
all i, j = 1, . . . , n, wij ∈ [0, 1). Let W ∈ Rn×n be positive
semidefinite matrix whose entry (i, j) is wij , we assume
that W = W⊤ and W1n = W⊤1n = 1n. We consider
energy communities consisting of n ∈ N prosumers, which
may, other than consuming power, also produce power
thanks to a renewable generator (RG), and store energy
thanks to a Battery Energy Storage System (BESS).

We now describe the energy flow model at the prosumer
i ∈ V level. The energy production due to the RG
is denoted by gi(t) ∈ R≥0, which can be divided into
three components gci (t), gsci (t) and gsgi (t), representing
consumed (by the user), sold to the grid but consumed
by the community and sold to the grid but not consumed
by the community, respectively,

gi(t) = gci (t) + gsci (t) + gsgi (t). (1)

The energy utilized by the prosumer to recharge and
discharge the BESS are denoted by ri(t) ∈ R≥0 and di(t) ∈
R≥0, respectively. We model the charging/discharging
behavior of the BESS as follows (Rosewater et al., 2019,
Section III-A)

emaxi
d

dt
εi(t) = ηiri(t)− di(t), (2)

where:

• emaxi ∈ R≥0 is the maximum energy storage capacity.
• εi(t) ∈ [0, 1] is state of charge (SoC).
• ηi ∈ [0, 1] is the round trip efficiency.

The BESS’s discharging power di(t) ∈ R≥0 consists of two
components dci (t) ∈ R≥0 and dsi (t) ∈ R≥0, representing
consumed (by the user) and sold (to the grid) portions of
discharge power, respectively,

di(t) = dci (t) + dsi (t). (3)

Regarding energy consumption, we have two components:
shiftable load cSL,i and fixed load cF,i. While the fixed load
has strict time-requirements to be satisfied, the shiftable
load refers to devices, such as machines, that have a
predetermined operating duration Ton,i and energy profile
cSL,i(t) ≥ 0 for t ∈ [0, Ton,i], but the start time Tin,i can
be flexible. Let Tfin,i be the time in which the shiftable
load ends to be satisfied, then in our setup we assume
Tfin,i − Tin,i = Ton,i, that is, the load is satisfied within a
single continuous time window, preventing it from turning
on and off multiple times. Summarinzing, the total energy
consumption can be expressed as :

ci(t) = cF,i(t) + cSL,i(t− Tin,i) (4)

Finally, the energy withdrawn from (bought) and injected
into (sold) the grid are denoted by bi(t) ∈ R and si(t) ∈ R,
respectively, satisfying the following:

bi(t) = ri(t) + ci(t)− dci (t)− gci (t),

si(t) = dsi (t) + gsgi (t) + gsci (t).
(5)

3. OPTIMIZATION PROBLEM FORMULATION

In what follows we will use ∆ ∈ R≥0 to denote the
sampling time of the continuous-time signals in play, and
H = T∆ ∈ R≥0 for the optimization horizon, where
T ∈ N+ denotes the number of samples within the horizon.
Accordingly, we denote by tk = k∆ with k ∈ N the discrete
times at which samples are taken.

In the rest of the paper, to simplify the presentation, we
adopt the following compact notation

x := [x]Tk = [x(tk), · · · , x(tk+T−1)]
⊤ ∈ RT .

3.1 Decision variables and local constraints

We assume that the fixed consumption cF,i ∈ RT of the
prosumers cannot be modified to guarantee the highest
comfort. Therefore, it will not be considered as a decision
variable. The same holds for the energy produced gi ∈ RT

by the RG.

As a consequence, we consider as decision variables the
recharge ri ∈ RT and discharge di ∈ RT of the battery,
as well as the quantities dc

i ∈ RT , gc
i ∈ RT and gsc

i ∈ RT

which must satisfy the following constraints:

0 ≤ ri ≤ (rmaxi + ε)δbi − ε1,
0 ≤ di ≤ −δbi (d

max
i + ε) + dmaxi 1,

0 ≤ dc
i ≤ di,

0 ≤ gc
i ≤ gi,

0 ≤ gsc
i ≤ gi,

(6)

where rmaxi ∈ R≥0 and dmaxi ∈ R≥0 represent, respectively,
the maximum allowable recharge and discharge power of
each BESS and where

δb,i ∈ {0, 1}T ,
is such that δb,i(t) = 1, if the battery is charging at time
t, otherwise δb,i(t) = 0, if discharging.

In addition to the above quantities, notice that Tin,i is
also a decision variable that must satisfy Tfin,in = Tin,i +
Ton,i ≤ T . Now it is convenient to introduce the binary
variable

δSL,i ∈ {0, 1}T ,
such that δSL,i(t) = 1 if the shiftable load is on at time t
(resp., δSL,i(t) = 0 if the shiftable load is off at time t).
We impose on δSL

i the following constraints
∑k

t=1 δSL,i(t)

Ton
≥ δSL,i(k − 1)− δSL,i(k),

T∑

t=1

δSL,i(t) = Ton.
(7)

The inequality constraint ensures that the load is satisfied
within a single continuous time window, preventing it
from turning on and off multiple times. Meanwhile, the
equality constraint guarantees that the total operating
time satisfies the required duration of the loads Ton.

In the following we will consider δSL,i as decision variable
instead of Tin,i.

In residential loads, the total energy transferred from and
to the grid is limited due to the installed infrastructure.
Thus, according to eq. (5), we consider the following
constraints:

0 ≤
bi︷ ︸︸ ︷

ri + ci − dc
i − gc

i ≤ bmaxi 1,
0 ≤ ds

i + gsc
i + gsg

i︸ ︷︷ ︸
si

≤ smaxi 1,
(8)

where bmaxi ∈ R≥0 and smaxi ∈ R≥0 are the upper bounds
of the residential load power transfer from and to the grid.

The SoC of each BESSs must remain within the bounds
stated by their manufacturing companies,

εmini 1 ≤ εi ≤ εmaxi 1, (9)

where εmini and εmaxi represent the minimum and the
maximum allowable SoC, respectively. The dynamics of
the SoC in eq. (2) translates into the following set of
constraints:

εi = D

[
e1εi(tk−1) +

∆

emaxi

(ηiri − di)

]
, (10)

where e1 ∈ {0, 1}T and D ∈ RT×T are given by

e1 =

⎡

⎢⎢⎣

1
0
...
0

⎤

⎥⎥⎦ , D =

⎡

⎢⎢⎢⎢⎢⎣

1 0 · · · · · · 0
1 1 0 · · · 0

1
. . .

. . .
. . .

...
...
. . .

. . .
. . . 0

1 · · · 1 1 1

⎤

⎥⎥⎥⎥⎥⎦
.

We now introduce the concept of “shared energy”, defined
as the minimum, over windows W = Υ∆ of length Υ ∈ N,
between the energy injected into the grid and the energy
withdrawn from the grid by the users within that window.
We will always assume that the optimization horizon
H = T∆ contains a positive integer number h ∈ N+ of
pricing windows W , namely

⌊T/Υ⌋ = h ≥ 1.

For simplicity, in this paper we assume that h = T
Υ . To

formalize this concept, we define a function that sums the
samples of vector x = [x]Tk within windows of length Υ as
follows

g(x,Υ) = ∆(Ih ⊗ 1⊤
Υ)x.

This allows us to formally define shared energy as follows:

Esh(b, s,Υ) = min

{
∑

i∈V
g(bi,Υ),

∑

i∈V
g(si,Υ)

}
∈ Rh.

where b = [b⊤1 , . . . , b
⊤
n ]

⊤, s = [s⊤1 , . . . , s
⊤
n ]

⊤, and the
minimum is applied component-wise.

3.2 Centralized and distributed MILP Problem

In this work, the goal is to minimize the overall costs
for the energy community by taking advantage of the
incentives offered by the Italian government for energy
sharing within the community. Specifically, under the
regulations of the Italian energy market operator (GME),
prosumers are rewarded based on the amount of energy
they share, effectively lowering their energy costs. Let
pe ∈ Rh

≥0 represent the energy price, and psh ∈ Rh
≥0 denote

the economic incentive provided by the government for
shared energy, with each element representing a different
pricing period.

Renewable generation

consumed by 
the user

sold to the grid but
consumed by the 
community

sold to the grid but
not consumed by the 
community

for networks of thermostatically controlled loads. In [14] a
novel robust framework for the day-ahead energy scheduling
of a residential microgrid comprising interconnected smart
users is proposed. Arghandeh et al. [15] introduced a market-
based optimization algorithm, which was solved using multi-
objective, gradient-based heuristic optimization approach.
this algorithm aims to generate an optimal schedule for
community energy storage, considering both real-time and
day-ahead dimensions.

Model predictive control (MPC) is being considered as
a promising control strategy for efficiently managing users
resources. It is particularly well suited for system with
constraints and dynamics behaviour, making it an effective
approach for managing resources in various applications
[16], [17], [18]. Economic MPC stands as a well-established
methodology for effectively managing both the demand
and supply aspects of energy systems [19]. In MPC, the
optimization problem needs to be solved at each time instant,
which underscores the importance of designing efficient
online solvers. As the number of agents in the network
increases, the complexity of the optimization problem grows.
To tackle this issue, distributed optimization methods have
been developed [20], [21], [22]. In addition to computational
efficiency, distributed optimization methods in MPC also
addresses concerns regarding the privacy of individual agents
within the network. This paper presents a perspective on the
notion of energy sharing with a smart grid in a community
comprising various prosumers and assets, achieved through
the deployment of an innovative energy management system.

The main contribution of this work can be summarized
as follows:

• A formulation of the cooperative energy cost opti-
mization problem for energy communities with shared
energy incentives and BESS (see also [23] for a formu-
lation that includes TCLs).

• A regularized version of the proposed optimization
problem that can solved in distributed fashion despite
the coupling effects of shared energy with the DC-
ADMM algorithm [24], which preserves the privacy of
user data consumption.

• Numerical simulations which compare distributed
and centralized cooperative approaches with a non-
cooperative one. The results show a clear cost benefit
for the energy community achieved by our proposed
optimization framework.

II. NOTATION AND MODEL OF THE ENERGY COMMUNITY

The set of real and integer numbers are denoted by R
and Z, while R�0, N and R+,N+ denote their restriction to
nonnegative and positive entries, respectively. Matrices are
denoted by uppercase letters and vectors by bold lowercase
letters, whose entries are denoted by lowercase, nonbold
symbols. For instance, x = [x1, . . . , xn]> denotes a vector
of n 2 N+ entries xi 2 R with i = 1, . . . , n, and M =
{mij} denotes a square matrix of dimension n 2 N+ with
entries mij 2 R with i, j = 1, . . . , n. Moreover, the identity
matrix is denoted by In while 1n denotes a vector of ones

Fig. 1: Diagram illustrating the energy flow model of a prosumer
within an energy community.

of dimension n 2 N+. When clear from the context, the
subscript is omitted.

A. Signals and sampling
Given a continuous-time signal x(t) 2 R with t 2 R and

a sampling time � 2 N+, we denote by tk = �k with
k 2 N the discrete times at which the signal is sampled,
yielding the discrete time signal x(tk) 2 R. We also denote
by [x]Tk , where k, T 2 N the vector collecting T samples of
the continuous time signal starting from tk, namely

[x]Tk = [x(tk), · · · , x(tk+T�1)]
>
. (1)

B. Networks and Graphs
We consider networks of n 2 N+ interconnected agents

and describe the pattern of interactions by a graph G =
(V, E), where V = {1, . . . , n} is the set of nodes modeling
the agents, and E ✓ (V ⇥ V) is the set of edges modeling
the point-to-point interactions. The interactions among the
agents are assumed to be bidirectional, and therefore the
graph is undirected, i.e., if (i, j) 2 E then (j, i) 2 E . An
undirected graph G is said to be connected if between any
pair of nodes i, j 2 V there exists a path. Nodes i, j 2 V are
said to be neighbors if there exists an edge between them,
i.e., (i, j) 2 E . The set of neighbors of the i-th node is
denoted by Ni = {j 2 V : (i, j) 2 E}. We consider graphs
without self-loops, i.e., i 62 Ni.

C. Model of the energy community
We consider energy communities consisting of n 2 N

prosumers, interconnected according to an undirected graph
G = (V, E), which may, other than consuming power, also
produce power thanks to a renewable generator (RG), and
store energy thanks to a Battery Energy Storage System
(BESS). We now describe the energy flow model at the
prosumer i 2 V level depicted in Fig. 1. The energy
production due to the RG is denoted by gi(t) 2 R�0,
which can be divided into two components g

c
i (t) and g

s
i (t),

representing consumed (by the user) and sold (to the grid)
portions of generation, respectively,

gi(t) = g
c
i (t) + g

s
i (t). (2)

The energy utilized by the prosumer to recharge and dis-
charge the BESS are denoted by ri(t) 2 R�0 and di(t) 2
R�0, respectively. We model the charging/discharging be-
havior of the BESS as follows [25, Section III-A]

e
MAX
i

d

dt
"i(t) = ⌘iri(t)� di(t), (3)
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the operation of a microgrid by determining the optimal
schedule for DERs and shiftable loads while minimizing
energy costs and satisfying grid constraints Boyd et al.
(2011). However, centralized MILP approaches often suf-
fer from scalability issues. To overcome these limitations,
distributed optimization methods have gained significant
attention in recent years. Among these, the Alternating
Direction Method of Multipliers (ADMM) has emerged
as a powerful framework for solving large-scale optimiza-
tion problems in a decentralized manner Carnevale et al.
(2025). ADMM decomposes complex optimization prob-
lems into smaller, more manageable subproblems that can
be solved in parallel by individual agents (e.g., households,
microgrids, or DERs), while coordinating with a central
entity or other agents to achieve a global optimum Bas-
tianello et al. (2022). For instance, in a smart grid scenario,
ADMM can be used to coordinate energy management
across multiple households, ensuring that the overall grid
load is balanced without requiring a central authority to
collect and process all the data Messilem et al. (2024b).
Despite these advancements, traditional ADMM formula-
tions often struggle to handle MILP problem, particularly
when combined with other discrete variables, such as bat-
tery states or appliance on/off decisions Brumali et al.
(2024). Furthermore, the integration of shiftable loads into
distributed energy management systems requires careful
consideration of user preferences, privacy concerns, and
communication overhead Gough et al. (2021).

In this work, we address this gap by proposing a novel
approach that integrates MILP with tracking ADMM to
optimize energy community systems, with a particular
focus on incorporating shiftable loads as a new ingredient
to enhance system flexibility. Our contribution is threefold:
(1) we formulate a MILP model that explicitly incor-
porates shiftable loads, enabling more granular control
over demand-side management; (2) we leverage tracking
ADMM to distribute the optimization process, reducing
computational burden and improving scalability; and (3)
we demonstrate the effectiveness of our approach through
case studies, highlighting its potential to achieve cost sav-
ings, improve grid stability, and enhance user satisfaction.
By bridging the gap between centralized optimization and
distributed algorithms, our work advances the state-of-the-
art in smart grid management and paves the way for more
resilient and adaptive energy systems.

Notation The set of real and integer numbers are denoted
by R and Z, while R≥0, N and R+,N+ denote their re-
striction to nonnegative and positive entries, respectively.
Matrices are denoted by uppercase letters and vectors by
bold lowercase letters, whose entries are denoted by low-
ercase, non bold symbols. Moreover, the identity matrix
is denoted by In while 1n denotes a vector of ones of
dimension n ∈ N+, and ⊗ denotes the Kronecker product.

2. MODEL OF THE ENERGY COMMUNITY

In this paper, we consider networks of n ∈ N+ intercon-
nected agents and describe the pattern of interactions by
a graph G = (V, E), where V = {1, . . . , n} is the set of
nodes modeling the agents, and E ⊆ (V × V) is the set
of edges modeling the point-to-point interactions. Nodes
i, j ∈ V are said to be neighbors if there exists an edge

between them, i.e., (i, j) ∈ E . The set of neighbors of
the i-th node is denoted by Ni = {j ∈ V : (i, j) ∈ E}. We
consider graphs without self-loops, i.e., i ̸∈ Ni. Each edge
(i, j) ∈ E has an associated weight wij , which measures
how much agent i evaluates the information received by
agent j. For (i, j) /∈ E we set wij = 0. We assume that for
all i, j = 1, . . . , n, wij ∈ [0, 1). Let W ∈ Rn×n be positive
semidefinite matrix whose entry (i, j) is wij , we assume
that W = W⊤ and W1n = W⊤1n = 1n. We consider
energy communities consisting of n ∈ N prosumers, which
may, other than consuming power, also produce power
thanks to a renewable generator (RG), and store energy
thanks to a Battery Energy Storage System (BESS).

We now describe the energy flow model at the prosumer
i ∈ V level. The energy production due to the RG
is denoted by gi(t) ∈ R≥0, which can be divided into
three components gci (t), gsci (t) and gsgi (t), representing
consumed (by the user), sold to the grid but consumed
by the community and sold to the grid but not consumed
by the community, respectively,

gi(t) = gci (t) + gsci (t) + gsgi (t). (1)

The energy utilized by the prosumer to recharge and
discharge the BESS are denoted by ri(t) ∈ R≥0 and di(t) ∈
R≥0, respectively. We model the charging/discharging
behavior of the BESS as follows (Rosewater et al., 2019,
Section III-A)

emaxi
d

dt
εi(t) = ηiri(t)− di(t), (2)

where:

• emaxi ∈ R≥0 is the maximum energy storage capacity.
• εi(t) ∈ [0, 1] is state of charge (SoC).
• ηi ∈ [0, 1] is the round trip efficiency.

The BESS’s discharging power di(t) ∈ R≥0 consists of two
components dci (t) ∈ R≥0 and dsi (t) ∈ R≥0, representing
consumed (by the user) and sold (to the grid) portions of
discharge power, respectively,

di(t) = dci (t) + dsi (t). (3)

Regarding energy consumption, we have two components:
shiftable load cSL,i and fixed load cF,i. While the fixed load
has strict time-requirements to be satisfied, the shiftable
load refers to devices, such as machines, that have a
predetermined operating duration Ton,i and energy profile
cSL,i(t) ≥ 0 for t ∈ [0, Ton,i], but the start time Tin,i can
be flexible. Let Tfin,i be the time in which the shiftable
load ends to be satisfied, then in our setup we assume
Tfin,i − Tin,i = Ton,i, that is, the load is satisfied within a
single continuous time window, preventing it from turning
on and off multiple times. Summarinzing, the total energy
consumption can be expressed as :

ci(t) = cF,i(t) + cSL,i(t− Tin,i) (4)

Finally, the energy withdrawn from (bought) and injected
into (sold) the grid are denoted by bi(t) ∈ R and si(t) ∈ R,
respectively, satisfying the following:

bi(t) = ri(t) + ci(t)− dci (t)− gci (t),

si(t) = dsi (t) + gsgi (t) + gsci (t).
(5)

3. OPTIMIZATION PROBLEM FORMULATION

In what follows we will use ∆ ∈ R≥0 to denote the
sampling time of the continuous-time signals in play, and
H = T∆ ∈ R≥0 for the optimization horizon, where
T ∈ N+ denotes the number of samples within the horizon.
Accordingly, we denote by tk = k∆ with k ∈ N the discrete
times at which samples are taken.

In the rest of the paper, to simplify the presentation, we
adopt the following compact notation

x := [x]Tk = [x(tk), · · · , x(tk+T−1)]
⊤ ∈ RT .

3.1 Decision variables and local constraints

We assume that the fixed consumption cF,i ∈ RT of the
prosumers cannot be modified to guarantee the highest
comfort. Therefore, it will not be considered as a decision
variable. The same holds for the energy produced gi ∈ RT

by the RG.

As a consequence, we consider as decision variables the
recharge ri ∈ RT and discharge di ∈ RT of the battery,
as well as the quantities dc

i ∈ RT , gc
i ∈ RT and gsc

i ∈ RT

which must satisfy the following constraints:

0 ≤ ri ≤ (rmaxi + ε)δbi − ε1,
0 ≤ di ≤ −δbi (d

max
i + ε) + dmaxi 1,

0 ≤ dc
i ≤ di,

0 ≤ gc
i ≤ gi,

0 ≤ gsc
i ≤ gi,

(6)

where rmaxi ∈ R≥0 and dmaxi ∈ R≥0 represent, respectively,
the maximum allowable recharge and discharge power of
each BESS and where

δb,i ∈ {0, 1}T ,
is such that δb,i(t) = 1, if the battery is charging at time
t, otherwise δb,i(t) = 0, if discharging.

In addition to the above quantities, notice that Tin,i is
also a decision variable that must satisfy Tfin,in = Tin,i +
Ton,i ≤ T . Now it is convenient to introduce the binary
variable

δSL,i ∈ {0, 1}T ,
such that δSL,i(t) = 1 if the shiftable load is on at time t
(resp., δSL,i(t) = 0 if the shiftable load is off at time t).
We impose on δSL

i the following constraints
∑k

t=1 δSL,i(t)

Ton
≥ δSL,i(k − 1)− δSL,i(k),

T∑

t=1

δSL,i(t) = Ton.
(7)

The inequality constraint ensures that the load is satisfied
within a single continuous time window, preventing it
from turning on and off multiple times. Meanwhile, the
equality constraint guarantees that the total operating
time satisfies the required duration of the loads Ton.

In the following we will consider δSL,i as decision variable
instead of Tin,i.

In residential loads, the total energy transferred from and
to the grid is limited due to the installed infrastructure.
Thus, according to eq. (5), we consider the following
constraints:

0 ≤
bi︷ ︸︸ ︷

ri + ci − dc
i − gc

i ≤ bmaxi 1,
0 ≤ ds

i + gsc
i + gsg

i︸ ︷︷ ︸
si

≤ smaxi 1,
(8)

where bmaxi ∈ R≥0 and smaxi ∈ R≥0 are the upper bounds
of the residential load power transfer from and to the grid.

The SoC of each BESSs must remain within the bounds
stated by their manufacturing companies,

εmini 1 ≤ εi ≤ εmaxi 1, (9)

where εmini and εmaxi represent the minimum and the
maximum allowable SoC, respectively. The dynamics of
the SoC in eq. (2) translates into the following set of
constraints:

εi = D

[
e1εi(tk−1) +

∆

emaxi

(ηiri − di)

]
, (10)

where e1 ∈ {0, 1}T and D ∈ RT×T are given by

e1 =

⎡

⎢⎢⎣

1
0
...
0

⎤

⎥⎥⎦ , D =

⎡

⎢⎢⎢⎢⎢⎣

1 0 · · · · · · 0
1 1 0 · · · 0

1
. . .

. . .
. . .

...
...
. . .

. . .
. . . 0

1 · · · 1 1 1

⎤

⎥⎥⎥⎥⎥⎦
.

We now introduce the concept of “shared energy”, defined
as the minimum, over windows W = Υ∆ of length Υ ∈ N,
between the energy injected into the grid and the energy
withdrawn from the grid by the users within that window.
We will always assume that the optimization horizon
H = T∆ contains a positive integer number h ∈ N+ of
pricing windows W , namely

⌊T/Υ⌋ = h ≥ 1.

For simplicity, in this paper we assume that h = T
Υ . To

formalize this concept, we define a function that sums the
samples of vector x = [x]Tk within windows of length Υ as
follows

g(x,Υ) = ∆(Ih ⊗ 1⊤
Υ)x.

This allows us to formally define shared energy as follows:

Esh(b, s,Υ) = min

{
∑

i∈V
g(bi,Υ),

∑

i∈V
g(si,Υ)

}
∈ Rh.

where b = [b⊤1 , . . . , b
⊤
n ]

⊤, s = [s⊤1 , . . . , s
⊤
n ]

⊤, and the
minimum is applied component-wise.

3.2 Centralized and distributed MILP Problem

In this work, the goal is to minimize the overall costs
for the energy community by taking advantage of the
incentives offered by the Italian government for energy
sharing within the community. Specifically, under the
regulations of the Italian energy market operator (GME),
prosumers are rewarded based on the amount of energy
they share, effectively lowering their energy costs. Let
pe ∈ Rh

≥0 represent the energy price, and psh ∈ Rh
≥0 denote

the economic incentive provided by the government for
shared energy, with each element representing a different
pricing period.

Battery discharging energy
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the operation of a microgrid by determining the optimal
schedule for DERs and shiftable loads while minimizing
energy costs and satisfying grid constraints Boyd et al.
(2011). However, centralized MILP approaches often suf-
fer from scalability issues. To overcome these limitations,
distributed optimization methods have gained significant
attention in recent years. Among these, the Alternating
Direction Method of Multipliers (ADMM) has emerged
as a powerful framework for solving large-scale optimiza-
tion problems in a decentralized manner Carnevale et al.
(2025). ADMM decomposes complex optimization prob-
lems into smaller, more manageable subproblems that can
be solved in parallel by individual agents (e.g., households,
microgrids, or DERs), while coordinating with a central
entity or other agents to achieve a global optimum Bas-
tianello et al. (2022). For instance, in a smart grid scenario,
ADMM can be used to coordinate energy management
across multiple households, ensuring that the overall grid
load is balanced without requiring a central authority to
collect and process all the data Messilem et al. (2024b).
Despite these advancements, traditional ADMM formula-
tions often struggle to handle MILP problem, particularly
when combined with other discrete variables, such as bat-
tery states or appliance on/off decisions Brumali et al.
(2024). Furthermore, the integration of shiftable loads into
distributed energy management systems requires careful
consideration of user preferences, privacy concerns, and
communication overhead Gough et al. (2021).

In this work, we address this gap by proposing a novel
approach that integrates MILP with tracking ADMM to
optimize energy community systems, with a particular
focus on incorporating shiftable loads as a new ingredient
to enhance system flexibility. Our contribution is threefold:
(1) we formulate a MILP model that explicitly incor-
porates shiftable loads, enabling more granular control
over demand-side management; (2) we leverage tracking
ADMM to distribute the optimization process, reducing
computational burden and improving scalability; and (3)
we demonstrate the effectiveness of our approach through
case studies, highlighting its potential to achieve cost sav-
ings, improve grid stability, and enhance user satisfaction.
By bridging the gap between centralized optimization and
distributed algorithms, our work advances the state-of-the-
art in smart grid management and paves the way for more
resilient and adaptive energy systems.

Notation The set of real and integer numbers are denoted
by R and Z, while R≥0, N and R+,N+ denote their re-
striction to nonnegative and positive entries, respectively.
Matrices are denoted by uppercase letters and vectors by
bold lowercase letters, whose entries are denoted by low-
ercase, non bold symbols. Moreover, the identity matrix
is denoted by In while 1n denotes a vector of ones of
dimension n ∈ N+, and ⊗ denotes the Kronecker product.

2. MODEL OF THE ENERGY COMMUNITY

In this paper, we consider networks of n ∈ N+ intercon-
nected agents and describe the pattern of interactions by
a graph G = (V, E), where V = {1, . . . , n} is the set of
nodes modeling the agents, and E ⊆ (V × V) is the set
of edges modeling the point-to-point interactions. Nodes
i, j ∈ V are said to be neighbors if there exists an edge

between them, i.e., (i, j) ∈ E . The set of neighbors of
the i-th node is denoted by Ni = {j ∈ V : (i, j) ∈ E}. We
consider graphs without self-loops, i.e., i ̸∈ Ni. Each edge
(i, j) ∈ E has an associated weight wij , which measures
how much agent i evaluates the information received by
agent j. For (i, j) /∈ E we set wij = 0. We assume that for
all i, j = 1, . . . , n, wij ∈ [0, 1). Let W ∈ Rn×n be positive
semidefinite matrix whose entry (i, j) is wij , we assume
that W = W⊤ and W1n = W⊤1n = 1n. We consider
energy communities consisting of n ∈ N prosumers, which
may, other than consuming power, also produce power
thanks to a renewable generator (RG), and store energy
thanks to a Battery Energy Storage System (BESS).

We now describe the energy flow model at the prosumer
i ∈ V level. The energy production due to the RG
is denoted by gi(t) ∈ R≥0, which can be divided into
three components gci (t), gsci (t) and gsgi (t), representing
consumed (by the user), sold to the grid but consumed
by the community and sold to the grid but not consumed
by the community, respectively,

gi(t) = gci (t) + gsci (t) + gsgi (t). (1)

The energy utilized by the prosumer to recharge and
discharge the BESS are denoted by ri(t) ∈ R≥0 and di(t) ∈
R≥0, respectively. We model the charging/discharging
behavior of the BESS as follows (Rosewater et al., 2019,
Section III-A)

emaxi
d

dt
εi(t) = ηiri(t)− di(t), (2)

where:

• emaxi ∈ R≥0 is the maximum energy storage capacity.
• εi(t) ∈ [0, 1] is state of charge (SoC).
• ηi ∈ [0, 1] is the round trip efficiency.

The BESS’s discharging power di(t) ∈ R≥0 consists of two
components dci (t) ∈ R≥0 and dsi (t) ∈ R≥0, representing
consumed (by the user) and sold (to the grid) portions of
discharge power, respectively,

di(t) = dci (t) + dsi (t). (3)

Regarding energy consumption, we have two components:
shiftable load cSL,i and fixed load cF,i. While the fixed load
has strict time-requirements to be satisfied, the shiftable
load refers to devices, such as machines, that have a
predetermined operating duration Ton,i and energy profile
cSL,i(t) ≥ 0 for t ∈ [0, Ton,i], but the start time Tin,i can
be flexible. Let Tfin,i be the time in which the shiftable
load ends to be satisfied, then in our setup we assume
Tfin,i − Tin,i = Ton,i, that is, the load is satisfied within a
single continuous time window, preventing it from turning
on and off multiple times. Summarinzing, the total energy
consumption can be expressed as :

ci(t) = cF,i(t) + cSL,i(t− Tin,i) (4)

Finally, the energy withdrawn from (bought) and injected
into (sold) the grid are denoted by bi(t) ∈ R and si(t) ∈ R,
respectively, satisfying the following:

bi(t) = ri(t) + ci(t)− dci (t)− gci (t),

si(t) = dsi (t) + gsgi (t) + gsci (t).
(5)

3. OPTIMIZATION PROBLEM FORMULATION

In what follows we will use ∆ ∈ R≥0 to denote the
sampling time of the continuous-time signals in play, and
H = T∆ ∈ R≥0 for the optimization horizon, where
T ∈ N+ denotes the number of samples within the horizon.
Accordingly, we denote by tk = k∆ with k ∈ N the discrete
times at which samples are taken.

In the rest of the paper, to simplify the presentation, we
adopt the following compact notation

x := [x]Tk = [x(tk), · · · , x(tk+T−1)]
⊤ ∈ RT .

3.1 Decision variables and local constraints

We assume that the fixed consumption cF,i ∈ RT of the
prosumers cannot be modified to guarantee the highest
comfort. Therefore, it will not be considered as a decision
variable. The same holds for the energy produced gi ∈ RT

by the RG.

As a consequence, we consider as decision variables the
recharge ri ∈ RT and discharge di ∈ RT of the battery,
as well as the quantities dc

i ∈ RT , gc
i ∈ RT and gsc

i ∈ RT

which must satisfy the following constraints:

0 ≤ ri ≤ (rmaxi + ε)δbi − ε1,
0 ≤ di ≤ −δbi (d

max
i + ε) + dmaxi 1,

0 ≤ dc
i ≤ di,

0 ≤ gc
i ≤ gi,

0 ≤ gsc
i ≤ gi,

(6)

where rmaxi ∈ R≥0 and dmaxi ∈ R≥0 represent, respectively,
the maximum allowable recharge and discharge power of
each BESS and where

δb,i ∈ {0, 1}T ,
is such that δb,i(t) = 1, if the battery is charging at time
t, otherwise δb,i(t) = 0, if discharging.

In addition to the above quantities, notice that Tin,i is
also a decision variable that must satisfy Tfin,in = Tin,i +
Ton,i ≤ T . Now it is convenient to introduce the binary
variable

δSL,i ∈ {0, 1}T ,
such that δSL,i(t) = 1 if the shiftable load is on at time t
(resp., δSL,i(t) = 0 if the shiftable load is off at time t).
We impose on δSL

i the following constraints
∑k

t=1 δSL,i(t)

Ton
≥ δSL,i(k − 1)− δSL,i(k),

T∑

t=1

δSL,i(t) = Ton.
(7)

The inequality constraint ensures that the load is satisfied
within a single continuous time window, preventing it
from turning on and off multiple times. Meanwhile, the
equality constraint guarantees that the total operating
time satisfies the required duration of the loads Ton.

In the following we will consider δSL,i as decision variable
instead of Tin,i.

In residential loads, the total energy transferred from and
to the grid is limited due to the installed infrastructure.
Thus, according to eq. (5), we consider the following
constraints:

0 ≤
bi︷ ︸︸ ︷

ri + ci − dc
i − gc

i ≤ bmaxi 1,
0 ≤ ds

i + gsc
i + gsg

i︸ ︷︷ ︸
si

≤ smaxi 1,
(8)

where bmaxi ∈ R≥0 and smaxi ∈ R≥0 are the upper bounds
of the residential load power transfer from and to the grid.

The SoC of each BESSs must remain within the bounds
stated by their manufacturing companies,

εmini 1 ≤ εi ≤ εmaxi 1, (9)

where εmini and εmaxi represent the minimum and the
maximum allowable SoC, respectively. The dynamics of
the SoC in eq. (2) translates into the following set of
constraints:

εi = D

[
e1εi(tk−1) +

∆

emaxi

(ηiri − di)

]
, (10)

where e1 ∈ {0, 1}T and D ∈ RT×T are given by

e1 =

⎡

⎢⎢⎣

1
0
...
0

⎤

⎥⎥⎦ , D =

⎡

⎢⎢⎢⎢⎢⎣

1 0 · · · · · · 0
1 1 0 · · · 0

1
. . .

. . .
. . .

...
...
. . .

. . .
. . . 0

1 · · · 1 1 1

⎤

⎥⎥⎥⎥⎥⎦
.

We now introduce the concept of “shared energy”, defined
as the minimum, over windows W = Υ∆ of length Υ ∈ N,
between the energy injected into the grid and the energy
withdrawn from the grid by the users within that window.
We will always assume that the optimization horizon
H = T∆ contains a positive integer number h ∈ N+ of
pricing windows W , namely

⌊T/Υ⌋ = h ≥ 1.

For simplicity, in this paper we assume that h = T
Υ . To

formalize this concept, we define a function that sums the
samples of vector x = [x]Tk within windows of length Υ as
follows

g(x,Υ) = ∆(Ih ⊗ 1⊤
Υ)x.

This allows us to formally define shared energy as follows:

Esh(b, s,Υ) = min

{
∑

i∈V
g(bi,Υ),

∑

i∈V
g(si,Υ)

}
∈ Rh.

where b = [b⊤1 , . . . , b
⊤
n ]

⊤, s = [s⊤1 , . . . , s
⊤
n ]

⊤, and the
minimum is applied component-wise.

3.2 Centralized and distributed MILP Problem

In this work, the goal is to minimize the overall costs
for the energy community by taking advantage of the
incentives offered by the Italian government for energy
sharing within the community. Specifically, under the
regulations of the Italian energy market operator (GME),
prosumers are rewarded based on the amount of energy
they share, effectively lowering their energy costs. Let
pe ∈ Rh

≥0 represent the energy price, and psh ∈ Rh
≥0 denote

the economic incentive provided by the government for
shared energy, with each element representing a different
pricing period.
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the operation of a microgrid by determining the optimal
schedule for DERs and shiftable loads while minimizing
energy costs and satisfying grid constraints Boyd et al.
(2011). However, centralized MILP approaches often suf-
fer from scalability issues. To overcome these limitations,
distributed optimization methods have gained significant
attention in recent years. Among these, the Alternating
Direction Method of Multipliers (ADMM) has emerged
as a powerful framework for solving large-scale optimiza-
tion problems in a decentralized manner Carnevale et al.
(2025). ADMM decomposes complex optimization prob-
lems into smaller, more manageable subproblems that can
be solved in parallel by individual agents (e.g., households,
microgrids, or DERs), while coordinating with a central
entity or other agents to achieve a global optimum Bas-
tianello et al. (2022). For instance, in a smart grid scenario,
ADMM can be used to coordinate energy management
across multiple households, ensuring that the overall grid
load is balanced without requiring a central authority to
collect and process all the data Messilem et al. (2024b).
Despite these advancements, traditional ADMM formula-
tions often struggle to handle MILP problem, particularly
when combined with other discrete variables, such as bat-
tery states or appliance on/off decisions Brumali et al.
(2024). Furthermore, the integration of shiftable loads into
distributed energy management systems requires careful
consideration of user preferences, privacy concerns, and
communication overhead Gough et al. (2021).

In this work, we address this gap by proposing a novel
approach that integrates MILP with tracking ADMM to
optimize energy community systems, with a particular
focus on incorporating shiftable loads as a new ingredient
to enhance system flexibility. Our contribution is threefold:
(1) we formulate a MILP model that explicitly incor-
porates shiftable loads, enabling more granular control
over demand-side management; (2) we leverage tracking
ADMM to distribute the optimization process, reducing
computational burden and improving scalability; and (3)
we demonstrate the effectiveness of our approach through
case studies, highlighting its potential to achieve cost sav-
ings, improve grid stability, and enhance user satisfaction.
By bridging the gap between centralized optimization and
distributed algorithms, our work advances the state-of-the-
art in smart grid management and paves the way for more
resilient and adaptive energy systems.

Notation The set of real and integer numbers are denoted
by R and Z, while R≥0, N and R+,N+ denote their re-
striction to nonnegative and positive entries, respectively.
Matrices are denoted by uppercase letters and vectors by
bold lowercase letters, whose entries are denoted by low-
ercase, non bold symbols. Moreover, the identity matrix
is denoted by In while 1n denotes a vector of ones of
dimension n ∈ N+, and ⊗ denotes the Kronecker product.

2. MODEL OF THE ENERGY COMMUNITY

In this paper, we consider networks of n ∈ N+ intercon-
nected agents and describe the pattern of interactions by
a graph G = (V, E), where V = {1, . . . , n} is the set of
nodes modeling the agents, and E ⊆ (V × V) is the set
of edges modeling the point-to-point interactions. Nodes
i, j ∈ V are said to be neighbors if there exists an edge

between them, i.e., (i, j) ∈ E . The set of neighbors of
the i-th node is denoted by Ni = {j ∈ V : (i, j) ∈ E}. We
consider graphs without self-loops, i.e., i ̸∈ Ni. Each edge
(i, j) ∈ E has an associated weight wij , which measures
how much agent i evaluates the information received by
agent j. For (i, j) /∈ E we set wij = 0. We assume that for
all i, j = 1, . . . , n, wij ∈ [0, 1). Let W ∈ Rn×n be positive
semidefinite matrix whose entry (i, j) is wij , we assume
that W = W⊤ and W1n = W⊤1n = 1n. We consider
energy communities consisting of n ∈ N prosumers, which
may, other than consuming power, also produce power
thanks to a renewable generator (RG), and store energy
thanks to a Battery Energy Storage System (BESS).

We now describe the energy flow model at the prosumer
i ∈ V level. The energy production due to the RG
is denoted by gi(t) ∈ R≥0, which can be divided into
three components gci (t), gsci (t) and gsgi (t), representing
consumed (by the user), sold to the grid but consumed
by the community and sold to the grid but not consumed
by the community, respectively,

gi(t) = gci (t) + gsci (t) + gsgi (t). (1)

The energy utilized by the prosumer to recharge and
discharge the BESS are denoted by ri(t) ∈ R≥0 and di(t) ∈
R≥0, respectively. We model the charging/discharging
behavior of the BESS as follows (Rosewater et al., 2019,
Section III-A)

emaxi
d

dt
εi(t) = ηiri(t)− di(t), (2)

where:

• emaxi ∈ R≥0 is the maximum energy storage capacity.
• εi(t) ∈ [0, 1] is state of charge (SoC).
• ηi ∈ [0, 1] is the round trip efficiency.

The BESS’s discharging power di(t) ∈ R≥0 consists of two
components dci (t) ∈ R≥0 and dsi (t) ∈ R≥0, representing
consumed (by the user) and sold (to the grid) portions of
discharge power, respectively,

di(t) = dci (t) + dsi (t). (3)

Regarding energy consumption, we have two components:
shiftable load cSL,i and fixed load cF,i. While the fixed load
has strict time-requirements to be satisfied, the shiftable
load refers to devices, such as machines, that have a
predetermined operating duration Ton,i and energy profile
cSL,i(t) ≥ 0 for t ∈ [0, Ton,i], but the start time Tin,i can
be flexible. Let Tfin,i be the time in which the shiftable
load ends to be satisfied, then in our setup we assume
Tfin,i − Tin,i = Ton,i, that is, the load is satisfied within a
single continuous time window, preventing it from turning
on and off multiple times. Summarinzing, the total energy
consumption can be expressed as :

ci(t) = cF,i(t) + cSL,i(t− Tin,i) (4)

Finally, the energy withdrawn from (bought) and injected
into (sold) the grid are denoted by bi(t) ∈ R and si(t) ∈ R,
respectively, satisfying the following:

bi(t) = ri(t) + ci(t)− dci (t)− gci (t),

si(t) = dsi (t) + gsgi (t) + gsci (t).
(5)

3. OPTIMIZATION PROBLEM FORMULATION

In what follows we will use ∆ ∈ R≥0 to denote the
sampling time of the continuous-time signals in play, and
H = T∆ ∈ R≥0 for the optimization horizon, where
T ∈ N+ denotes the number of samples within the horizon.
Accordingly, we denote by tk = k∆ with k ∈ N the discrete
times at which samples are taken.

In the rest of the paper, to simplify the presentation, we
adopt the following compact notation

x := [x]Tk = [x(tk), · · · , x(tk+T−1)]
⊤ ∈ RT .

3.1 Decision variables and local constraints

We assume that the fixed consumption cF,i ∈ RT of the
prosumers cannot be modified to guarantee the highest
comfort. Therefore, it will not be considered as a decision
variable. The same holds for the energy produced gi ∈ RT

by the RG.

As a consequence, we consider as decision variables the
recharge ri ∈ RT and discharge di ∈ RT of the battery,
as well as the quantities dc

i ∈ RT , gc
i ∈ RT and gsc

i ∈ RT

which must satisfy the following constraints:

0 ≤ ri ≤ (rmaxi + ε)δbi − ε1,
0 ≤ di ≤ −δbi (d

max
i + ε) + dmaxi 1,

0 ≤ dc
i ≤ di,

0 ≤ gc
i ≤ gi,

0 ≤ gsc
i ≤ gi,

(6)

where rmaxi ∈ R≥0 and dmaxi ∈ R≥0 represent, respectively,
the maximum allowable recharge and discharge power of
each BESS and where

δb,i ∈ {0, 1}T ,
is such that δb,i(t) = 1, if the battery is charging at time
t, otherwise δb,i(t) = 0, if discharging.

In addition to the above quantities, notice that Tin,i is
also a decision variable that must satisfy Tfin,in = Tin,i +
Ton,i ≤ T . Now it is convenient to introduce the binary
variable

δSL,i ∈ {0, 1}T ,
such that δSL,i(t) = 1 if the shiftable load is on at time t
(resp., δSL,i(t) = 0 if the shiftable load is off at time t).
We impose on δSL

i the following constraints
∑k

t=1 δSL,i(t)

Ton
≥ δSL,i(k − 1)− δSL,i(k),

T∑

t=1

δSL,i(t) = Ton.
(7)

The inequality constraint ensures that the load is satisfied
within a single continuous time window, preventing it
from turning on and off multiple times. Meanwhile, the
equality constraint guarantees that the total operating
time satisfies the required duration of the loads Ton.

In the following we will consider δSL,i as decision variable
instead of Tin,i.

In residential loads, the total energy transferred from and
to the grid is limited due to the installed infrastructure.
Thus, according to eq. (5), we consider the following
constraints:

0 ≤
bi︷ ︸︸ ︷

ri + ci − dc
i − gc

i ≤ bmaxi 1,
0 ≤ ds

i + gsc
i + gsg

i︸ ︷︷ ︸
si

≤ smaxi 1,
(8)

where bmaxi ∈ R≥0 and smaxi ∈ R≥0 are the upper bounds
of the residential load power transfer from and to the grid.

The SoC of each BESSs must remain within the bounds
stated by their manufacturing companies,

εmini 1 ≤ εi ≤ εmaxi 1, (9)

where εmini and εmaxi represent the minimum and the
maximum allowable SoC, respectively. The dynamics of
the SoC in eq. (2) translates into the following set of
constraints:

εi = D

[
e1εi(tk−1) +

∆

emaxi

(ηiri − di)

]
, (10)

where e1 ∈ {0, 1}T and D ∈ RT×T are given by

e1 =

⎡

⎢⎢⎣

1
0
...
0

⎤

⎥⎥⎦ , D =

⎡

⎢⎢⎢⎢⎢⎣

1 0 · · · · · · 0
1 1 0 · · · 0

1
. . .

. . .
. . .

...
...
. . .

. . .
. . . 0

1 · · · 1 1 1

⎤

⎥⎥⎥⎥⎥⎦
.

We now introduce the concept of “shared energy”, defined
as the minimum, over windows W = Υ∆ of length Υ ∈ N,
between the energy injected into the grid and the energy
withdrawn from the grid by the users within that window.
We will always assume that the optimization horizon
H = T∆ contains a positive integer number h ∈ N+ of
pricing windows W , namely

⌊T/Υ⌋ = h ≥ 1.

For simplicity, in this paper we assume that h = T
Υ . To

formalize this concept, we define a function that sums the
samples of vector x = [x]Tk within windows of length Υ as
follows

g(x,Υ) = ∆(Ih ⊗ 1⊤
Υ)x.

This allows us to formally define shared energy as follows:

Esh(b, s,Υ) = min

{
∑

i∈V
g(bi,Υ),

∑

i∈V
g(si,Υ)

}
∈ Rh.

where b = [b⊤1 , . . . , b
⊤
n ]

⊤, s = [s⊤1 , . . . , s
⊤
n ]

⊤, and the
minimum is applied component-wise.

3.2 Centralized and distributed MILP Problem

In this work, the goal is to minimize the overall costs
for the energy community by taking advantage of the
incentives offered by the Italian government for energy
sharing within the community. Specifically, under the
regulations of the Italian energy market operator (GME),
prosumers are rewarded based on the amount of energy
they share, effectively lowering their energy costs. Let
pe ∈ Rh

≥0 represent the energy price, and psh ∈ Rh
≥0 denote

the economic incentive provided by the government for
shared energy, with each element representing a different
pricing period.

Modeling a prosumer (battery)



Modeling a prosumer (load)
for networks of thermostatically controlled loads. In [14] a
novel robust framework for the day-ahead energy scheduling
of a residential microgrid comprising interconnected smart
users is proposed. Arghandeh et al. [15] introduced a market-
based optimization algorithm, which was solved using multi-
objective, gradient-based heuristic optimization approach.
this algorithm aims to generate an optimal schedule for
community energy storage, considering both real-time and
day-ahead dimensions.

Model predictive control (MPC) is being considered as
a promising control strategy for efficiently managing users
resources. It is particularly well suited for system with
constraints and dynamics behaviour, making it an effective
approach for managing resources in various applications
[16], [17], [18]. Economic MPC stands as a well-established
methodology for effectively managing both the demand
and supply aspects of energy systems [19]. In MPC, the
optimization problem needs to be solved at each time instant,
which underscores the importance of designing efficient
online solvers. As the number of agents in the network
increases, the complexity of the optimization problem grows.
To tackle this issue, distributed optimization methods have
been developed [20], [21], [22]. In addition to computational
efficiency, distributed optimization methods in MPC also
addresses concerns regarding the privacy of individual agents
within the network. This paper presents a perspective on the
notion of energy sharing with a smart grid in a community
comprising various prosumers and assets, achieved through
the deployment of an innovative energy management system.

The main contribution of this work can be summarized
as follows:

• A formulation of the cooperative energy cost opti-
mization problem for energy communities with shared
energy incentives and BESS (see also [23] for a formu-
lation that includes TCLs).

• A regularized version of the proposed optimization
problem that can solved in distributed fashion despite
the coupling effects of shared energy with the DC-
ADMM algorithm [24], which preserves the privacy of
user data consumption.

• Numerical simulations which compare distributed
and centralized cooperative approaches with a non-
cooperative one. The results show a clear cost benefit
for the energy community achieved by our proposed
optimization framework.

II. NOTATION AND MODEL OF THE ENERGY COMMUNITY

The set of real and integer numbers are denoted by R
and Z, while R�0, N and R+,N+ denote their restriction to
nonnegative and positive entries, respectively. Matrices are
denoted by uppercase letters and vectors by bold lowercase
letters, whose entries are denoted by lowercase, nonbold
symbols. For instance, x = [x1, . . . , xn]> denotes a vector
of n 2 N+ entries xi 2 R with i = 1, . . . , n, and M =
{mij} denotes a square matrix of dimension n 2 N+ with
entries mij 2 R with i, j = 1, . . . , n. Moreover, the identity
matrix is denoted by In while 1n denotes a vector of ones

Fig. 1: Diagram illustrating the energy flow model of a prosumer
within an energy community.

of dimension n 2 N+. When clear from the context, the
subscript is omitted.

A. Signals and sampling
Given a continuous-time signal x(t) 2 R with t 2 R and

a sampling time � 2 N+, we denote by tk = �k with
k 2 N the discrete times at which the signal is sampled,
yielding the discrete time signal x(tk) 2 R. We also denote
by [x]Tk , where k, T 2 N the vector collecting T samples of
the continuous time signal starting from tk, namely

[x]Tk = [x(tk), · · · , x(tk+T�1)]
>
. (1)

B. Networks and Graphs
We consider networks of n 2 N+ interconnected agents

and describe the pattern of interactions by a graph G =
(V, E), where V = {1, . . . , n} is the set of nodes modeling
the agents, and E ✓ (V ⇥ V) is the set of edges modeling
the point-to-point interactions. The interactions among the
agents are assumed to be bidirectional, and therefore the
graph is undirected, i.e., if (i, j) 2 E then (j, i) 2 E . An
undirected graph G is said to be connected if between any
pair of nodes i, j 2 V there exists a path. Nodes i, j 2 V are
said to be neighbors if there exists an edge between them,
i.e., (i, j) 2 E . The set of neighbors of the i-th node is
denoted by Ni = {j 2 V : (i, j) 2 E}. We consider graphs
without self-loops, i.e., i 62 Ni.

C. Model of the energy community
We consider energy communities consisting of n 2 N

prosumers, interconnected according to an undirected graph
G = (V, E), which may, other than consuming power, also
produce power thanks to a renewable generator (RG), and
store energy thanks to a Battery Energy Storage System
(BESS). We now describe the energy flow model at the
prosumer i 2 V level depicted in Fig. 1. The energy
production due to the RG is denoted by gi(t) 2 R�0,
which can be divided into two components g

c
i (t) and g

s
i (t),

representing consumed (by the user) and sold (to the grid)
portions of generation, respectively,

gi(t) = g
c
i (t) + g

s
i (t). (2)

The energy utilized by the prosumer to recharge and dis-
charge the BESS are denoted by ri(t) 2 R�0 and di(t) 2
R�0, respectively. We model the charging/discharging be-
havior of the BESS as follows [25, Section III-A]

e
MAX
i

d

dt
"i(t) = ⌘iri(t)� di(t), (3)
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the operation of a microgrid by determining the optimal
schedule for DERs and shiftable loads while minimizing
energy costs and satisfying grid constraints Boyd et al.
(2011). However, centralized MILP approaches often suf-
fer from scalability issues. To overcome these limitations,
distributed optimization methods have gained significant
attention in recent years. Among these, the Alternating
Direction Method of Multipliers (ADMM) has emerged
as a powerful framework for solving large-scale optimiza-
tion problems in a decentralized manner Carnevale et al.
(2025). ADMM decomposes complex optimization prob-
lems into smaller, more manageable subproblems that can
be solved in parallel by individual agents (e.g., households,
microgrids, or DERs), while coordinating with a central
entity or other agents to achieve a global optimum Bas-
tianello et al. (2022). For instance, in a smart grid scenario,
ADMM can be used to coordinate energy management
across multiple households, ensuring that the overall grid
load is balanced without requiring a central authority to
collect and process all the data Messilem et al. (2024b).
Despite these advancements, traditional ADMM formula-
tions often struggle to handle MILP problem, particularly
when combined with other discrete variables, such as bat-
tery states or appliance on/off decisions Brumali et al.
(2024). Furthermore, the integration of shiftable loads into
distributed energy management systems requires careful
consideration of user preferences, privacy concerns, and
communication overhead Gough et al. (2021).

In this work, we address this gap by proposing a novel
approach that integrates MILP with tracking ADMM to
optimize energy community systems, with a particular
focus on incorporating shiftable loads as a new ingredient
to enhance system flexibility. Our contribution is threefold:
(1) we formulate a MILP model that explicitly incor-
porates shiftable loads, enabling more granular control
over demand-side management; (2) we leverage tracking
ADMM to distribute the optimization process, reducing
computational burden and improving scalability; and (3)
we demonstrate the effectiveness of our approach through
case studies, highlighting its potential to achieve cost sav-
ings, improve grid stability, and enhance user satisfaction.
By bridging the gap between centralized optimization and
distributed algorithms, our work advances the state-of-the-
art in smart grid management and paves the way for more
resilient and adaptive energy systems.

Notation The set of real and integer numbers are denoted
by R and Z, while R≥0, N and R+,N+ denote their re-
striction to nonnegative and positive entries, respectively.
Matrices are denoted by uppercase letters and vectors by
bold lowercase letters, whose entries are denoted by low-
ercase, non bold symbols. Moreover, the identity matrix
is denoted by In while 1n denotes a vector of ones of
dimension n ∈ N+, and ⊗ denotes the Kronecker product.

2. MODEL OF THE ENERGY COMMUNITY

In this paper, we consider networks of n ∈ N+ intercon-
nected agents and describe the pattern of interactions by
a graph G = (V, E), where V = {1, . . . , n} is the set of
nodes modeling the agents, and E ⊆ (V × V) is the set
of edges modeling the point-to-point interactions. Nodes
i, j ∈ V are said to be neighbors if there exists an edge

between them, i.e., (i, j) ∈ E . The set of neighbors of
the i-th node is denoted by Ni = {j ∈ V : (i, j) ∈ E}. We
consider graphs without self-loops, i.e., i ̸∈ Ni. Each edge
(i, j) ∈ E has an associated weight wij , which measures
how much agent i evaluates the information received by
agent j. For (i, j) /∈ E we set wij = 0. We assume that for
all i, j = 1, . . . , n, wij ∈ [0, 1). Let W ∈ Rn×n be positive
semidefinite matrix whose entry (i, j) is wij , we assume
that W = W⊤ and W1n = W⊤1n = 1n. We consider
energy communities consisting of n ∈ N prosumers, which
may, other than consuming power, also produce power
thanks to a renewable generator (RG), and store energy
thanks to a Battery Energy Storage System (BESS).

We now describe the energy flow model at the prosumer
i ∈ V level. The energy production due to the RG
is denoted by gi(t) ∈ R≥0, which can be divided into
three components gci (t), gsci (t) and gsgi (t), representing
consumed (by the user), sold to the grid but consumed
by the community and sold to the grid but not consumed
by the community, respectively,

gi(t) = gci (t) + gsci (t) + gsgi (t). (1)

The energy utilized by the prosumer to recharge and
discharge the BESS are denoted by ri(t) ∈ R≥0 and di(t) ∈
R≥0, respectively. We model the charging/discharging
behavior of the BESS as follows (Rosewater et al., 2019,
Section III-A)

emaxi
d

dt
εi(t) = ηiri(t)− di(t), (2)

where:

• emaxi ∈ R≥0 is the maximum energy storage capacity.
• εi(t) ∈ [0, 1] is state of charge (SoC).
• ηi ∈ [0, 1] is the round trip efficiency.

The BESS’s discharging power di(t) ∈ R≥0 consists of two
components dci (t) ∈ R≥0 and dsi (t) ∈ R≥0, representing
consumed (by the user) and sold (to the grid) portions of
discharge power, respectively,

di(t) = dci (t) + dsi (t). (3)

Regarding energy consumption, we have two components:
shiftable load cSL,i and fixed load cF,i. While the fixed load
has strict time-requirements to be satisfied, the shiftable
load refers to devices, such as machines, that have a
predetermined operating duration Ton,i and energy profile
cSL,i(t) ≥ 0 for t ∈ [0, Ton,i], but the start time Tin,i can
be flexible. Let Tfin,i be the time in which the shiftable
load ends to be satisfied, then in our setup we assume
Tfin,i − Tin,i = Ton,i, that is, the load is satisfied within a
single continuous time window, preventing it from turning
on and off multiple times. Summarinzing, the total energy
consumption can be expressed as :

ci(t) = cF,i(t) + cSL,i(t− Tin,i) (4)

Finally, the energy withdrawn from (bought) and injected
into (sold) the grid are denoted by bi(t) ∈ R and si(t) ∈ R,
respectively, satisfying the following:

bi(t) = ri(t) + ci(t)− dci (t)− gci (t),

si(t) = dsi (t) + gsgi (t) + gsci (t).
(5)

3. OPTIMIZATION PROBLEM FORMULATION

In what follows we will use ∆ ∈ R≥0 to denote the
sampling time of the continuous-time signals in play, and
H = T∆ ∈ R≥0 for the optimization horizon, where
T ∈ N+ denotes the number of samples within the horizon.
Accordingly, we denote by tk = k∆ with k ∈ N the discrete
times at which samples are taken.

In the rest of the paper, to simplify the presentation, we
adopt the following compact notation

x := [x]Tk = [x(tk), · · · , x(tk+T−1)]
⊤ ∈ RT .

3.1 Decision variables and local constraints

We assume that the fixed consumption cF,i ∈ RT of the
prosumers cannot be modified to guarantee the highest
comfort. Therefore, it will not be considered as a decision
variable. The same holds for the energy produced gi ∈ RT

by the RG.

As a consequence, we consider as decision variables the
recharge ri ∈ RT and discharge di ∈ RT of the battery,
as well as the quantities dc

i ∈ RT , gc
i ∈ RT and gsc

i ∈ RT

which must satisfy the following constraints:

0 ≤ ri ≤ (rmaxi + ε)δbi − ε1,
0 ≤ di ≤ −δbi (d

max
i + ε) + dmaxi 1,

0 ≤ dc
i ≤ di,

0 ≤ gc
i ≤ gi,

0 ≤ gsc
i ≤ gi,

(6)

where rmaxi ∈ R≥0 and dmaxi ∈ R≥0 represent, respectively,
the maximum allowable recharge and discharge power of
each BESS and where

δb,i ∈ {0, 1}T ,
is such that δb,i(t) = 1, if the battery is charging at time
t, otherwise δb,i(t) = 0, if discharging.

In addition to the above quantities, notice that Tin,i is
also a decision variable that must satisfy Tfin,in = Tin,i +
Ton,i ≤ T . Now it is convenient to introduce the binary
variable

δSL,i ∈ {0, 1}T ,
such that δSL,i(t) = 1 if the shiftable load is on at time t
(resp., δSL,i(t) = 0 if the shiftable load is off at time t).
We impose on δSL

i the following constraints
∑k

t=1 δSL,i(t)

Ton
≥ δSL,i(k − 1)− δSL,i(k),

T∑

t=1

δSL,i(t) = Ton.
(7)

The inequality constraint ensures that the load is satisfied
within a single continuous time window, preventing it
from turning on and off multiple times. Meanwhile, the
equality constraint guarantees that the total operating
time satisfies the required duration of the loads Ton.

In the following we will consider δSL,i as decision variable
instead of Tin,i.

In residential loads, the total energy transferred from and
to the grid is limited due to the installed infrastructure.
Thus, according to eq. (5), we consider the following
constraints:

0 ≤
bi︷ ︸︸ ︷

ri + ci − dc
i − gc

i ≤ bmaxi 1,
0 ≤ ds

i + gsc
i + gsg

i︸ ︷︷ ︸
si

≤ smaxi 1,
(8)

where bmaxi ∈ R≥0 and smaxi ∈ R≥0 are the upper bounds
of the residential load power transfer from and to the grid.

The SoC of each BESSs must remain within the bounds
stated by their manufacturing companies,

εmini 1 ≤ εi ≤ εmaxi 1, (9)

where εmini and εmaxi represent the minimum and the
maximum allowable SoC, respectively. The dynamics of
the SoC in eq. (2) translates into the following set of
constraints:

εi = D

[
e1εi(tk−1) +

∆

emaxi

(ηiri − di)

]
, (10)

where e1 ∈ {0, 1}T and D ∈ RT×T are given by

e1 =

⎡

⎢⎢⎣

1
0
...
0

⎤

⎥⎥⎦ , D =

⎡

⎢⎢⎢⎢⎢⎣

1 0 · · · · · · 0
1 1 0 · · · 0

1
. . .

. . .
. . .

...
...
. . .

. . .
. . . 0

1 · · · 1 1 1

⎤

⎥⎥⎥⎥⎥⎦
.

We now introduce the concept of “shared energy”, defined
as the minimum, over windows W = Υ∆ of length Υ ∈ N,
between the energy injected into the grid and the energy
withdrawn from the grid by the users within that window.
We will always assume that the optimization horizon
H = T∆ contains a positive integer number h ∈ N+ of
pricing windows W , namely

⌊T/Υ⌋ = h ≥ 1.

For simplicity, in this paper we assume that h = T
Υ . To

formalize this concept, we define a function that sums the
samples of vector x = [x]Tk within windows of length Υ as
follows

g(x,Υ) = ∆(Ih ⊗ 1⊤
Υ)x.

This allows us to formally define shared energy as follows:

Esh(b, s,Υ) = min

{
∑

i∈V
g(bi,Υ),

∑

i∈V
g(si,Υ)

}
∈ Rh.

where b = [b⊤1 , . . . , b
⊤
n ]

⊤, s = [s⊤1 , . . . , s
⊤
n ]

⊤, and the
minimum is applied component-wise.

3.2 Centralized and distributed MILP Problem

In this work, the goal is to minimize the overall costs
for the energy community by taking advantage of the
incentives offered by the Italian government for energy
sharing within the community. Specifically, under the
regulations of the Italian energy market operator (GME),
prosumers are rewarded based on the amount of energy
they share, effectively lowering their energy costs. Let
pe ∈ Rh

≥0 represent the energy price, and psh ∈ Rh
≥0 denote

the economic incentive provided by the government for
shared energy, with each element representing a different
pricing period.
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the operation of a microgrid by determining the optimal
schedule for DERs and shiftable loads while minimizing
energy costs and satisfying grid constraints Boyd et al.
(2011). However, centralized MILP approaches often suf-
fer from scalability issues. To overcome these limitations,
distributed optimization methods have gained significant
attention in recent years. Among these, the Alternating
Direction Method of Multipliers (ADMM) has emerged
as a powerful framework for solving large-scale optimiza-
tion problems in a decentralized manner Carnevale et al.
(2025). ADMM decomposes complex optimization prob-
lems into smaller, more manageable subproblems that can
be solved in parallel by individual agents (e.g., households,
microgrids, or DERs), while coordinating with a central
entity or other agents to achieve a global optimum Bas-
tianello et al. (2022). For instance, in a smart grid scenario,
ADMM can be used to coordinate energy management
across multiple households, ensuring that the overall grid
load is balanced without requiring a central authority to
collect and process all the data Messilem et al. (2024b).
Despite these advancements, traditional ADMM formula-
tions often struggle to handle MILP problem, particularly
when combined with other discrete variables, such as bat-
tery states or appliance on/off decisions Brumali et al.
(2024). Furthermore, the integration of shiftable loads into
distributed energy management systems requires careful
consideration of user preferences, privacy concerns, and
communication overhead Gough et al. (2021).

In this work, we address this gap by proposing a novel
approach that integrates MILP with tracking ADMM to
optimize energy community systems, with a particular
focus on incorporating shiftable loads as a new ingredient
to enhance system flexibility. Our contribution is threefold:
(1) we formulate a MILP model that explicitly incor-
porates shiftable loads, enabling more granular control
over demand-side management; (2) we leverage tracking
ADMM to distribute the optimization process, reducing
computational burden and improving scalability; and (3)
we demonstrate the effectiveness of our approach through
case studies, highlighting its potential to achieve cost sav-
ings, improve grid stability, and enhance user satisfaction.
By bridging the gap between centralized optimization and
distributed algorithms, our work advances the state-of-the-
art in smart grid management and paves the way for more
resilient and adaptive energy systems.

Notation The set of real and integer numbers are denoted
by R and Z, while R≥0, N and R+,N+ denote their re-
striction to nonnegative and positive entries, respectively.
Matrices are denoted by uppercase letters and vectors by
bold lowercase letters, whose entries are denoted by low-
ercase, non bold symbols. Moreover, the identity matrix
is denoted by In while 1n denotes a vector of ones of
dimension n ∈ N+, and ⊗ denotes the Kronecker product.

2. MODEL OF THE ENERGY COMMUNITY

In this paper, we consider networks of n ∈ N+ intercon-
nected agents and describe the pattern of interactions by
a graph G = (V, E), where V = {1, . . . , n} is the set of
nodes modeling the agents, and E ⊆ (V × V) is the set
of edges modeling the point-to-point interactions. Nodes
i, j ∈ V are said to be neighbors if there exists an edge

between them, i.e., (i, j) ∈ E . The set of neighbors of
the i-th node is denoted by Ni = {j ∈ V : (i, j) ∈ E}. We
consider graphs without self-loops, i.e., i ̸∈ Ni. Each edge
(i, j) ∈ E has an associated weight wij , which measures
how much agent i evaluates the information received by
agent j. For (i, j) /∈ E we set wij = 0. We assume that for
all i, j = 1, . . . , n, wij ∈ [0, 1). Let W ∈ Rn×n be positive
semidefinite matrix whose entry (i, j) is wij , we assume
that W = W⊤ and W1n = W⊤1n = 1n. We consider
energy communities consisting of n ∈ N prosumers, which
may, other than consuming power, also produce power
thanks to a renewable generator (RG), and store energy
thanks to a Battery Energy Storage System (BESS).

We now describe the energy flow model at the prosumer
i ∈ V level. The energy production due to the RG
is denoted by gi(t) ∈ R≥0, which can be divided into
three components gci (t), gsci (t) and gsgi (t), representing
consumed (by the user), sold to the grid but consumed
by the community and sold to the grid but not consumed
by the community, respectively,

gi(t) = gci (t) + gsci (t) + gsgi (t). (1)

The energy utilized by the prosumer to recharge and
discharge the BESS are denoted by ri(t) ∈ R≥0 and di(t) ∈
R≥0, respectively. We model the charging/discharging
behavior of the BESS as follows (Rosewater et al., 2019,
Section III-A)

emaxi
d

dt
εi(t) = ηiri(t)− di(t), (2)

where:

• emaxi ∈ R≥0 is the maximum energy storage capacity.
• εi(t) ∈ [0, 1] is state of charge (SoC).
• ηi ∈ [0, 1] is the round trip efficiency.

The BESS’s discharging power di(t) ∈ R≥0 consists of two
components dci (t) ∈ R≥0 and dsi (t) ∈ R≥0, representing
consumed (by the user) and sold (to the grid) portions of
discharge power, respectively,

di(t) = dci (t) + dsi (t). (3)

Regarding energy consumption, we have two components:
shiftable load cSL,i and fixed load cF,i. While the fixed load
has strict time-requirements to be satisfied, the shiftable
load refers to devices, such as machines, that have a
predetermined operating duration Ton,i and energy profile
cSL,i(t) ≥ 0 for t ∈ [0, Ton,i], but the start time Tin,i can
be flexible. Let Tfin,i be the time in which the shiftable
load ends to be satisfied, then in our setup we assume
Tfin,i − Tin,i = Ton,i, that is, the load is satisfied within a
single continuous time window, preventing it from turning
on and off multiple times. Summarinzing, the total energy
consumption can be expressed as :

ci(t) = cF,i(t) + cSL,i(t− Tin,i) (4)

Finally, the energy withdrawn from (bought) and injected
into (sold) the grid are denoted by bi(t) ∈ R and si(t) ∈ R,
respectively, satisfying the following:

bi(t) = ri(t) + ci(t)− dci (t)− gci (t),

si(t) = dsi (t) + gsgi (t) + gsci (t).
(5)

3. OPTIMIZATION PROBLEM FORMULATION

In what follows we will use ∆ ∈ R≥0 to denote the
sampling time of the continuous-time signals in play, and
H = T∆ ∈ R≥0 for the optimization horizon, where
T ∈ N+ denotes the number of samples within the horizon.
Accordingly, we denote by tk = k∆ with k ∈ N the discrete
times at which samples are taken.

In the rest of the paper, to simplify the presentation, we
adopt the following compact notation

x := [x]Tk = [x(tk), · · · , x(tk+T−1)]
⊤ ∈ RT .

3.1 Decision variables and local constraints

We assume that the fixed consumption cF,i ∈ RT of the
prosumers cannot be modified to guarantee the highest
comfort. Therefore, it will not be considered as a decision
variable. The same holds for the energy produced gi ∈ RT

by the RG.

As a consequence, we consider as decision variables the
recharge ri ∈ RT and discharge di ∈ RT of the battery,
as well as the quantities dc

i ∈ RT , gc
i ∈ RT and gsc

i ∈ RT

which must satisfy the following constraints:

0 ≤ ri ≤ (rmaxi + ε)δbi − ε1,
0 ≤ di ≤ −δbi (d

max
i + ε) + dmaxi 1,

0 ≤ dc
i ≤ di,

0 ≤ gc
i ≤ gi,

0 ≤ gsc
i ≤ gi,

(6)

where rmaxi ∈ R≥0 and dmaxi ∈ R≥0 represent, respectively,
the maximum allowable recharge and discharge power of
each BESS and where

δb,i ∈ {0, 1}T ,
is such that δb,i(t) = 1, if the battery is charging at time
t, otherwise δb,i(t) = 0, if discharging.

In addition to the above quantities, notice that Tin,i is
also a decision variable that must satisfy Tfin,in = Tin,i +
Ton,i ≤ T . Now it is convenient to introduce the binary
variable

δSL,i ∈ {0, 1}T ,
such that δSL,i(t) = 1 if the shiftable load is on at time t
(resp., δSL,i(t) = 0 if the shiftable load is off at time t).
We impose on δSL

i the following constraints
∑k

t=1 δSL,i(t)

Ton
≥ δSL,i(k − 1)− δSL,i(k),

T∑

t=1

δSL,i(t) = Ton.
(7)

The inequality constraint ensures that the load is satisfied
within a single continuous time window, preventing it
from turning on and off multiple times. Meanwhile, the
equality constraint guarantees that the total operating
time satisfies the required duration of the loads Ton.

In the following we will consider δSL,i as decision variable
instead of Tin,i.

In residential loads, the total energy transferred from and
to the grid is limited due to the installed infrastructure.
Thus, according to eq. (5), we consider the following
constraints:

0 ≤
bi︷ ︸︸ ︷

ri + ci − dc
i − gc

i ≤ bmaxi 1,
0 ≤ ds

i + gsc
i + gsg

i︸ ︷︷ ︸
si

≤ smaxi 1,
(8)

where bmaxi ∈ R≥0 and smaxi ∈ R≥0 are the upper bounds
of the residential load power transfer from and to the grid.

The SoC of each BESSs must remain within the bounds
stated by their manufacturing companies,

εmini 1 ≤ εi ≤ εmaxi 1, (9)

where εmini and εmaxi represent the minimum and the
maximum allowable SoC, respectively. The dynamics of
the SoC in eq. (2) translates into the following set of
constraints:

εi = D

[
e1εi(tk−1) +

∆

emaxi

(ηiri − di)

]
, (10)

where e1 ∈ {0, 1}T and D ∈ RT×T are given by

e1 =

⎡

⎢⎢⎣

1
0
...
0

⎤

⎥⎥⎦ , D =

⎡

⎢⎢⎢⎢⎢⎣

1 0 · · · · · · 0
1 1 0 · · · 0

1
. . .

. . .
. . .

...
...
. . .

. . .
. . . 0

1 · · · 1 1 1

⎤

⎥⎥⎥⎥⎥⎦
.

We now introduce the concept of “shared energy”, defined
as the minimum, over windows W = Υ∆ of length Υ ∈ N,
between the energy injected into the grid and the energy
withdrawn from the grid by the users within that window.
We will always assume that the optimization horizon
H = T∆ contains a positive integer number h ∈ N+ of
pricing windows W , namely

⌊T/Υ⌋ = h ≥ 1.

For simplicity, in this paper we assume that h = T
Υ . To

formalize this concept, we define a function that sums the
samples of vector x = [x]Tk within windows of length Υ as
follows

g(x,Υ) = ∆(Ih ⊗ 1⊤
Υ)x.

This allows us to formally define shared energy as follows:

Esh(b, s,Υ) = min

{
∑

i∈V
g(bi,Υ),

∑

i∈V
g(si,Υ)

}
∈ Rh.

where b = [b⊤1 , . . . , b
⊤
n ]

⊤, s = [s⊤1 , . . . , s
⊤
n ]

⊤, and the
minimum is applied component-wise.

3.2 Centralized and distributed MILP Problem

In this work, the goal is to minimize the overall costs
for the energy community by taking advantage of the
incentives offered by the Italian government for energy
sharing within the community. Specifically, under the
regulations of the Italian energy market operator (GME),
prosumers are rewarded based on the amount of energy
they share, effectively lowering their energy costs. Let
pe ∈ Rh

≥0 represent the energy price, and psh ∈ Rh
≥0 denote

the economic incentive provided by the government for
shared energy, with each element representing a different
pricing period.

fixed load
(strict requirement)

shiftable load

Modeling a prosumer
for networks of thermostatically controlled loads. In [14] a
novel robust framework for the day-ahead energy scheduling
of a residential microgrid comprising interconnected smart
users is proposed. Arghandeh et al. [15] introduced a market-
based optimization algorithm, which was solved using multi-
objective, gradient-based heuristic optimization approach.
this algorithm aims to generate an optimal schedule for
community energy storage, considering both real-time and
day-ahead dimensions.

Model predictive control (MPC) is being considered as
a promising control strategy for efficiently managing users
resources. It is particularly well suited for system with
constraints and dynamics behaviour, making it an effective
approach for managing resources in various applications
[16], [17], [18]. Economic MPC stands as a well-established
methodology for effectively managing both the demand
and supply aspects of energy systems [19]. In MPC, the
optimization problem needs to be solved at each time instant,
which underscores the importance of designing efficient
online solvers. As the number of agents in the network
increases, the complexity of the optimization problem grows.
To tackle this issue, distributed optimization methods have
been developed [20], [21], [22]. In addition to computational
efficiency, distributed optimization methods in MPC also
addresses concerns regarding the privacy of individual agents
within the network. This paper presents a perspective on the
notion of energy sharing with a smart grid in a community
comprising various prosumers and assets, achieved through
the deployment of an innovative energy management system.

The main contribution of this work can be summarized
as follows:

• A formulation of the cooperative energy cost opti-
mization problem for energy communities with shared
energy incentives and BESS (see also [23] for a formu-
lation that includes TCLs).

• A regularized version of the proposed optimization
problem that can solved in distributed fashion despite
the coupling effects of shared energy with the DC-
ADMM algorithm [24], which preserves the privacy of
user data consumption.

• Numerical simulations which compare distributed
and centralized cooperative approaches with a non-
cooperative one. The results show a clear cost benefit
for the energy community achieved by our proposed
optimization framework.

II. NOTATION AND MODEL OF THE ENERGY COMMUNITY

The set of real and integer numbers are denoted by R
and Z, while R�0, N and R+,N+ denote their restriction to
nonnegative and positive entries, respectively. Matrices are
denoted by uppercase letters and vectors by bold lowercase
letters, whose entries are denoted by lowercase, nonbold
symbols. For instance, x = [x1, . . . , xn]> denotes a vector
of n 2 N+ entries xi 2 R with i = 1, . . . , n, and M =
{mij} denotes a square matrix of dimension n 2 N+ with
entries mij 2 R with i, j = 1, . . . , n. Moreover, the identity
matrix is denoted by In while 1n denotes a vector of ones

Fig. 1: Diagram illustrating the energy flow model of a prosumer
within an energy community.

of dimension n 2 N+. When clear from the context, the
subscript is omitted.

A. Signals and sampling
Given a continuous-time signal x(t) 2 R with t 2 R and

a sampling time � 2 N+, we denote by tk = �k with
k 2 N the discrete times at which the signal is sampled,
yielding the discrete time signal x(tk) 2 R. We also denote
by [x]Tk , where k, T 2 N the vector collecting T samples of
the continuous time signal starting from tk, namely

[x]Tk = [x(tk), · · · , x(tk+T�1)]
>
. (1)

B. Networks and Graphs
We consider networks of n 2 N+ interconnected agents

and describe the pattern of interactions by a graph G =
(V, E), where V = {1, . . . , n} is the set of nodes modeling
the agents, and E ✓ (V ⇥ V) is the set of edges modeling
the point-to-point interactions. The interactions among the
agents are assumed to be bidirectional, and therefore the
graph is undirected, i.e., if (i, j) 2 E then (j, i) 2 E . An
undirected graph G is said to be connected if between any
pair of nodes i, j 2 V there exists a path. Nodes i, j 2 V are
said to be neighbors if there exists an edge between them,
i.e., (i, j) 2 E . The set of neighbors of the i-th node is
denoted by Ni = {j 2 V : (i, j) 2 E}. We consider graphs
without self-loops, i.e., i 62 Ni.

C. Model of the energy community
We consider energy communities consisting of n 2 N

prosumers, interconnected according to an undirected graph
G = (V, E), which may, other than consuming power, also
produce power thanks to a renewable generator (RG), and
store energy thanks to a Battery Energy Storage System
(BESS). We now describe the energy flow model at the
prosumer i 2 V level depicted in Fig. 1. The energy
production due to the RG is denoted by gi(t) 2 R�0,
which can be divided into two components g

c
i (t) and g

s
i (t),

representing consumed (by the user) and sold (to the grid)
portions of generation, respectively,

gi(t) = g
c
i (t) + g

s
i (t). (2)

The energy utilized by the prosumer to recharge and dis-
charge the BESS are denoted by ri(t) 2 R�0 and di(t) 2
R�0, respectively. We model the charging/discharging be-
havior of the BESS as follows [25, Section III-A]

e
MAX
i

d

dt
"i(t) = ⌘iri(t)� di(t), (3)
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the operation of a microgrid by determining the optimal
schedule for DERs and shiftable loads while minimizing
energy costs and satisfying grid constraints Boyd et al.
(2011). However, centralized MILP approaches often suf-
fer from scalability issues. To overcome these limitations,
distributed optimization methods have gained significant
attention in recent years. Among these, the Alternating
Direction Method of Multipliers (ADMM) has emerged
as a powerful framework for solving large-scale optimiza-
tion problems in a decentralized manner Carnevale et al.
(2025). ADMM decomposes complex optimization prob-
lems into smaller, more manageable subproblems that can
be solved in parallel by individual agents (e.g., households,
microgrids, or DERs), while coordinating with a central
entity or other agents to achieve a global optimum Bas-
tianello et al. (2022). For instance, in a smart grid scenario,
ADMM can be used to coordinate energy management
across multiple households, ensuring that the overall grid
load is balanced without requiring a central authority to
collect and process all the data Messilem et al. (2024b).
Despite these advancements, traditional ADMM formula-
tions often struggle to handle MILP problem, particularly
when combined with other discrete variables, such as bat-
tery states or appliance on/off decisions Brumali et al.
(2024). Furthermore, the integration of shiftable loads into
distributed energy management systems requires careful
consideration of user preferences, privacy concerns, and
communication overhead Gough et al. (2021).

In this work, we address this gap by proposing a novel
approach that integrates MILP with tracking ADMM to
optimize energy community systems, with a particular
focus on incorporating shiftable loads as a new ingredient
to enhance system flexibility. Our contribution is threefold:
(1) we formulate a MILP model that explicitly incor-
porates shiftable loads, enabling more granular control
over demand-side management; (2) we leverage tracking
ADMM to distribute the optimization process, reducing
computational burden and improving scalability; and (3)
we demonstrate the effectiveness of our approach through
case studies, highlighting its potential to achieve cost sav-
ings, improve grid stability, and enhance user satisfaction.
By bridging the gap between centralized optimization and
distributed algorithms, our work advances the state-of-the-
art in smart grid management and paves the way for more
resilient and adaptive energy systems.

Notation The set of real and integer numbers are denoted
by R and Z, while R≥0, N and R+,N+ denote their re-
striction to nonnegative and positive entries, respectively.
Matrices are denoted by uppercase letters and vectors by
bold lowercase letters, whose entries are denoted by low-
ercase, non bold symbols. Moreover, the identity matrix
is denoted by In while 1n denotes a vector of ones of
dimension n ∈ N+, and ⊗ denotes the Kronecker product.

2. MODEL OF THE ENERGY COMMUNITY

In this paper, we consider networks of n ∈ N+ intercon-
nected agents and describe the pattern of interactions by
a graph G = (V, E), where V = {1, . . . , n} is the set of
nodes modeling the agents, and E ⊆ (V × V) is the set
of edges modeling the point-to-point interactions. Nodes
i, j ∈ V are said to be neighbors if there exists an edge

between them, i.e., (i, j) ∈ E . The set of neighbors of
the i-th node is denoted by Ni = {j ∈ V : (i, j) ∈ E}. We
consider graphs without self-loops, i.e., i ̸∈ Ni. Each edge
(i, j) ∈ E has an associated weight wij , which measures
how much agent i evaluates the information received by
agent j. For (i, j) /∈ E we set wij = 0. We assume that for
all i, j = 1, . . . , n, wij ∈ [0, 1). Let W ∈ Rn×n be positive
semidefinite matrix whose entry (i, j) is wij , we assume
that W = W⊤ and W1n = W⊤1n = 1n. We consider
energy communities consisting of n ∈ N prosumers, which
may, other than consuming power, also produce power
thanks to a renewable generator (RG), and store energy
thanks to a Battery Energy Storage System (BESS).

We now describe the energy flow model at the prosumer
i ∈ V level. The energy production due to the RG
is denoted by gi(t) ∈ R≥0, which can be divided into
three components gci (t), gsci (t) and gsgi (t), representing
consumed (by the user), sold to the grid but consumed
by the community and sold to the grid but not consumed
by the community, respectively,

gi(t) = gci (t) + gsci (t) + gsgi (t). (1)

The energy utilized by the prosumer to recharge and
discharge the BESS are denoted by ri(t) ∈ R≥0 and di(t) ∈
R≥0, respectively. We model the charging/discharging
behavior of the BESS as follows (Rosewater et al., 2019,
Section III-A)

emaxi
d

dt
εi(t) = ηiri(t)− di(t), (2)

where:

• emaxi ∈ R≥0 is the maximum energy storage capacity.
• εi(t) ∈ [0, 1] is state of charge (SoC).
• ηi ∈ [0, 1] is the round trip efficiency.

The BESS’s discharging power di(t) ∈ R≥0 consists of two
components dci (t) ∈ R≥0 and dsi (t) ∈ R≥0, representing
consumed (by the user) and sold (to the grid) portions of
discharge power, respectively,

di(t) = dci (t) + dsi (t). (3)

Regarding energy consumption, we have two components:
shiftable load cSL,i and fixed load cF,i. While the fixed load
has strict time-requirements to be satisfied, the shiftable
load refers to devices, such as machines, that have a
predetermined operating duration Ton,i and energy profile
cSL,i(t) ≥ 0 for t ∈ [0, Ton,i], but the start time Tin,i can
be flexible. Let Tfin,i be the time in which the shiftable
load ends to be satisfied, then in our setup we assume
Tfin,i − Tin,i = Ton,i, that is, the load is satisfied within a
single continuous time window, preventing it from turning
on and off multiple times. Summarinzing, the total energy
consumption can be expressed as :

ci(t) = cF,i(t) + cSL,i(t− Tin,i) (4)

Finally, the energy withdrawn from (bought) and injected
into (sold) the grid are denoted by bi(t) ∈ R and si(t) ∈ R,
respectively, satisfying the following:

bi(t) = ri(t) + ci(t)− dci (t)− gci (t),

si(t) = dsi (t) + gsgi (t) + gsci (t).
(5)

3. OPTIMIZATION PROBLEM FORMULATION

In what follows we will use ∆ ∈ R≥0 to denote the
sampling time of the continuous-time signals in play, and
H = T∆ ∈ R≥0 for the optimization horizon, where
T ∈ N+ denotes the number of samples within the horizon.
Accordingly, we denote by tk = k∆ with k ∈ N the discrete
times at which samples are taken.

In the rest of the paper, to simplify the presentation, we
adopt the following compact notation

x := [x]Tk = [x(tk), · · · , x(tk+T−1)]
⊤ ∈ RT .

3.1 Decision variables and local constraints

We assume that the fixed consumption cF,i ∈ RT of the
prosumers cannot be modified to guarantee the highest
comfort. Therefore, it will not be considered as a decision
variable. The same holds for the energy produced gi ∈ RT

by the RG.

As a consequence, we consider as decision variables the
recharge ri ∈ RT and discharge di ∈ RT of the battery,
as well as the quantities dc

i ∈ RT , gc
i ∈ RT and gsc

i ∈ RT

which must satisfy the following constraints:

0 ≤ ri ≤ (rmaxi + ε)δbi − ε1,
0 ≤ di ≤ −δbi (d

max
i + ε) + dmaxi 1,

0 ≤ dc
i ≤ di,

0 ≤ gc
i ≤ gi,

0 ≤ gsc
i ≤ gi,

(6)

where rmaxi ∈ R≥0 and dmaxi ∈ R≥0 represent, respectively,
the maximum allowable recharge and discharge power of
each BESS and where

δb,i ∈ {0, 1}T ,
is such that δb,i(t) = 1, if the battery is charging at time
t, otherwise δb,i(t) = 0, if discharging.

In addition to the above quantities, notice that Tin,i is
also a decision variable that must satisfy Tfin,in = Tin,i +
Ton,i ≤ T . Now it is convenient to introduce the binary
variable

δSL,i ∈ {0, 1}T ,
such that δSL,i(t) = 1 if the shiftable load is on at time t
(resp., δSL,i(t) = 0 if the shiftable load is off at time t).
We impose on δSL

i the following constraints
∑k

t=1 δSL,i(t)

Ton
≥ δSL,i(k − 1)− δSL,i(k),

T∑

t=1

δSL,i(t) = Ton.
(7)

The inequality constraint ensures that the load is satisfied
within a single continuous time window, preventing it
from turning on and off multiple times. Meanwhile, the
equality constraint guarantees that the total operating
time satisfies the required duration of the loads Ton.

In the following we will consider δSL,i as decision variable
instead of Tin,i.

In residential loads, the total energy transferred from and
to the grid is limited due to the installed infrastructure.
Thus, according to eq. (5), we consider the following
constraints:

0 ≤
bi︷ ︸︸ ︷

ri + ci − dc
i − gc

i ≤ bmaxi 1,
0 ≤ ds

i + gsc
i + gsg

i︸ ︷︷ ︸
si

≤ smaxi 1,
(8)

where bmaxi ∈ R≥0 and smaxi ∈ R≥0 are the upper bounds
of the residential load power transfer from and to the grid.

The SoC of each BESSs must remain within the bounds
stated by their manufacturing companies,

εmini 1 ≤ εi ≤ εmaxi 1, (9)

where εmini and εmaxi represent the minimum and the
maximum allowable SoC, respectively. The dynamics of
the SoC in eq. (2) translates into the following set of
constraints:

εi = D

[
e1εi(tk−1) +

∆

emaxi

(ηiri − di)

]
, (10)

where e1 ∈ {0, 1}T and D ∈ RT×T are given by

e1 =

⎡

⎢⎢⎣

1
0
...
0

⎤

⎥⎥⎦ , D =

⎡

⎢⎢⎢⎢⎢⎣

1 0 · · · · · · 0
1 1 0 · · · 0

1
. . .

. . .
. . .

...
...
. . .

. . .
. . . 0

1 · · · 1 1 1

⎤

⎥⎥⎥⎥⎥⎦
.

We now introduce the concept of “shared energy”, defined
as the minimum, over windows W = Υ∆ of length Υ ∈ N,
between the energy injected into the grid and the energy
withdrawn from the grid by the users within that window.
We will always assume that the optimization horizon
H = T∆ contains a positive integer number h ∈ N+ of
pricing windows W , namely

⌊T/Υ⌋ = h ≥ 1.

For simplicity, in this paper we assume that h = T
Υ . To

formalize this concept, we define a function that sums the
samples of vector x = [x]Tk within windows of length Υ as
follows

g(x,Υ) = ∆(Ih ⊗ 1⊤
Υ)x.

This allows us to formally define shared energy as follows:

Esh(b, s,Υ) = min

{
∑

i∈V
g(bi,Υ),

∑

i∈V
g(si,Υ)

}
∈ Rh.

where b = [b⊤1 , . . . , b
⊤
n ]

⊤, s = [s⊤1 , . . . , s
⊤
n ]

⊤, and the
minimum is applied component-wise.

3.2 Centralized and distributed MILP Problem

In this work, the goal is to minimize the overall costs
for the energy community by taking advantage of the
incentives offered by the Italian government for energy
sharing within the community. Specifically, under the
regulations of the Italian energy market operator (GME),
prosumers are rewarded based on the amount of energy
they share, effectively lowering their energy costs. Let
pe ∈ Rh

≥0 represent the energy price, and psh ∈ Rh
≥0 denote

the economic incentive provided by the government for
shared energy, with each element representing a different
pricing period.
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the operation of a microgrid by determining the optimal
schedule for DERs and shiftable loads while minimizing
energy costs and satisfying grid constraints Boyd et al.
(2011). However, centralized MILP approaches often suf-
fer from scalability issues. To overcome these limitations,
distributed optimization methods have gained significant
attention in recent years. Among these, the Alternating
Direction Method of Multipliers (ADMM) has emerged
as a powerful framework for solving large-scale optimiza-
tion problems in a decentralized manner Carnevale et al.
(2025). ADMM decomposes complex optimization prob-
lems into smaller, more manageable subproblems that can
be solved in parallel by individual agents (e.g., households,
microgrids, or DERs), while coordinating with a central
entity or other agents to achieve a global optimum Bas-
tianello et al. (2022). For instance, in a smart grid scenario,
ADMM can be used to coordinate energy management
across multiple households, ensuring that the overall grid
load is balanced without requiring a central authority to
collect and process all the data Messilem et al. (2024b).
Despite these advancements, traditional ADMM formula-
tions often struggle to handle MILP problem, particularly
when combined with other discrete variables, such as bat-
tery states or appliance on/off decisions Brumali et al.
(2024). Furthermore, the integration of shiftable loads into
distributed energy management systems requires careful
consideration of user preferences, privacy concerns, and
communication overhead Gough et al. (2021).

In this work, we address this gap by proposing a novel
approach that integrates MILP with tracking ADMM to
optimize energy community systems, with a particular
focus on incorporating shiftable loads as a new ingredient
to enhance system flexibility. Our contribution is threefold:
(1) we formulate a MILP model that explicitly incor-
porates shiftable loads, enabling more granular control
over demand-side management; (2) we leverage tracking
ADMM to distribute the optimization process, reducing
computational burden and improving scalability; and (3)
we demonstrate the effectiveness of our approach through
case studies, highlighting its potential to achieve cost sav-
ings, improve grid stability, and enhance user satisfaction.
By bridging the gap between centralized optimization and
distributed algorithms, our work advances the state-of-the-
art in smart grid management and paves the way for more
resilient and adaptive energy systems.

Notation The set of real and integer numbers are denoted
by R and Z, while R≥0, N and R+,N+ denote their re-
striction to nonnegative and positive entries, respectively.
Matrices are denoted by uppercase letters and vectors by
bold lowercase letters, whose entries are denoted by low-
ercase, non bold symbols. Moreover, the identity matrix
is denoted by In while 1n denotes a vector of ones of
dimension n ∈ N+, and ⊗ denotes the Kronecker product.

2. MODEL OF THE ENERGY COMMUNITY

In this paper, we consider networks of n ∈ N+ intercon-
nected agents and describe the pattern of interactions by
a graph G = (V, E), where V = {1, . . . , n} is the set of
nodes modeling the agents, and E ⊆ (V × V) is the set
of edges modeling the point-to-point interactions. Nodes
i, j ∈ V are said to be neighbors if there exists an edge

between them, i.e., (i, j) ∈ E . The set of neighbors of
the i-th node is denoted by Ni = {j ∈ V : (i, j) ∈ E}. We
consider graphs without self-loops, i.e., i ̸∈ Ni. Each edge
(i, j) ∈ E has an associated weight wij , which measures
how much agent i evaluates the information received by
agent j. For (i, j) /∈ E we set wij = 0. We assume that for
all i, j = 1, . . . , n, wij ∈ [0, 1). Let W ∈ Rn×n be positive
semidefinite matrix whose entry (i, j) is wij , we assume
that W = W⊤ and W1n = W⊤1n = 1n. We consider
energy communities consisting of n ∈ N prosumers, which
may, other than consuming power, also produce power
thanks to a renewable generator (RG), and store energy
thanks to a Battery Energy Storage System (BESS).

We now describe the energy flow model at the prosumer
i ∈ V level. The energy production due to the RG
is denoted by gi(t) ∈ R≥0, which can be divided into
three components gci (t), gsci (t) and gsgi (t), representing
consumed (by the user), sold to the grid but consumed
by the community and sold to the grid but not consumed
by the community, respectively,

gi(t) = gci (t) + gsci (t) + gsgi (t). (1)

The energy utilized by the prosumer to recharge and
discharge the BESS are denoted by ri(t) ∈ R≥0 and di(t) ∈
R≥0, respectively. We model the charging/discharging
behavior of the BESS as follows (Rosewater et al., 2019,
Section III-A)

emaxi
d

dt
εi(t) = ηiri(t)− di(t), (2)

where:

• emaxi ∈ R≥0 is the maximum energy storage capacity.
• εi(t) ∈ [0, 1] is state of charge (SoC).
• ηi ∈ [0, 1] is the round trip efficiency.

The BESS’s discharging power di(t) ∈ R≥0 consists of two
components dci (t) ∈ R≥0 and dsi (t) ∈ R≥0, representing
consumed (by the user) and sold (to the grid) portions of
discharge power, respectively,

di(t) = dci (t) + dsi (t). (3)

Regarding energy consumption, we have two components:
shiftable load cSL,i and fixed load cF,i. While the fixed load
has strict time-requirements to be satisfied, the shiftable
load refers to devices, such as machines, that have a
predetermined operating duration Ton,i and energy profile
cSL,i(t) ≥ 0 for t ∈ [0, Ton,i], but the start time Tin,i can
be flexible. Let Tfin,i be the time in which the shiftable
load ends to be satisfied, then in our setup we assume
Tfin,i − Tin,i = Ton,i, that is, the load is satisfied within a
single continuous time window, preventing it from turning
on and off multiple times. Summarinzing, the total energy
consumption can be expressed as :

ci(t) = cF,i(t) + cSL,i(t− Tin,i) (4)

Finally, the energy withdrawn from (bought) and injected
into (sold) the grid are denoted by bi(t) ∈ R and si(t) ∈ R,
respectively, satisfying the following:

bi(t) = ri(t) + ci(t)− dci (t)− gci (t),

si(t) = dsi (t) + gsgi (t) + gsci (t).
(5)

3. OPTIMIZATION PROBLEM FORMULATION

In what follows we will use ∆ ∈ R≥0 to denote the
sampling time of the continuous-time signals in play, and
H = T∆ ∈ R≥0 for the optimization horizon, where
T ∈ N+ denotes the number of samples within the horizon.
Accordingly, we denote by tk = k∆ with k ∈ N the discrete
times at which samples are taken.

In the rest of the paper, to simplify the presentation, we
adopt the following compact notation

x := [x]Tk = [x(tk), · · · , x(tk+T−1)]
⊤ ∈ RT .

3.1 Decision variables and local constraints

We assume that the fixed consumption cF,i ∈ RT of the
prosumers cannot be modified to guarantee the highest
comfort. Therefore, it will not be considered as a decision
variable. The same holds for the energy produced gi ∈ RT

by the RG.

As a consequence, we consider as decision variables the
recharge ri ∈ RT and discharge di ∈ RT of the battery,
as well as the quantities dc

i ∈ RT , gc
i ∈ RT and gsc

i ∈ RT

which must satisfy the following constraints:

0 ≤ ri ≤ (rmaxi + ε)δbi − ε1,
0 ≤ di ≤ −δbi (d

max
i + ε) + dmaxi 1,

0 ≤ dc
i ≤ di,

0 ≤ gc
i ≤ gi,

0 ≤ gsc
i ≤ gi,

(6)

where rmaxi ∈ R≥0 and dmaxi ∈ R≥0 represent, respectively,
the maximum allowable recharge and discharge power of
each BESS and where

δb,i ∈ {0, 1}T ,
is such that δb,i(t) = 1, if the battery is charging at time
t, otherwise δb,i(t) = 0, if discharging.

In addition to the above quantities, notice that Tin,i is
also a decision variable that must satisfy Tfin,in = Tin,i +
Ton,i ≤ T . Now it is convenient to introduce the binary
variable

δSL,i ∈ {0, 1}T ,
such that δSL,i(t) = 1 if the shiftable load is on at time t
(resp., δSL,i(t) = 0 if the shiftable load is off at time t).
We impose on δSL

i the following constraints
∑k

t=1 δSL,i(t)

Ton
≥ δSL,i(k − 1)− δSL,i(k),

T∑

t=1

δSL,i(t) = Ton.
(7)

The inequality constraint ensures that the load is satisfied
within a single continuous time window, preventing it
from turning on and off multiple times. Meanwhile, the
equality constraint guarantees that the total operating
time satisfies the required duration of the loads Ton.

In the following we will consider δSL,i as decision variable
instead of Tin,i.

In residential loads, the total energy transferred from and
to the grid is limited due to the installed infrastructure.
Thus, according to eq. (5), we consider the following
constraints:

0 ≤
bi︷ ︸︸ ︷

ri + ci − dc
i − gc

i ≤ bmaxi 1,
0 ≤ ds

i + gsc
i + gsg

i︸ ︷︷ ︸
si

≤ smaxi 1,
(8)

where bmaxi ∈ R≥0 and smaxi ∈ R≥0 are the upper bounds
of the residential load power transfer from and to the grid.

The SoC of each BESSs must remain within the bounds
stated by their manufacturing companies,

εmini 1 ≤ εi ≤ εmaxi 1, (9)

where εmini and εmaxi represent the minimum and the
maximum allowable SoC, respectively. The dynamics of
the SoC in eq. (2) translates into the following set of
constraints:

εi = D

[
e1εi(tk−1) +

∆

emaxi

(ηiri − di)

]
, (10)

where e1 ∈ {0, 1}T and D ∈ RT×T are given by

e1 =

⎡

⎢⎢⎣

1
0
...
0

⎤

⎥⎥⎦ , D =

⎡

⎢⎢⎢⎢⎢⎣

1 0 · · · · · · 0
1 1 0 · · · 0

1
. . .

. . .
. . .

...
...
. . .

. . .
. . . 0

1 · · · 1 1 1

⎤

⎥⎥⎥⎥⎥⎦
.

We now introduce the concept of “shared energy”, defined
as the minimum, over windows W = Υ∆ of length Υ ∈ N,
between the energy injected into the grid and the energy
withdrawn from the grid by the users within that window.
We will always assume that the optimization horizon
H = T∆ contains a positive integer number h ∈ N+ of
pricing windows W , namely

⌊T/Υ⌋ = h ≥ 1.

For simplicity, in this paper we assume that h = T
Υ . To

formalize this concept, we define a function that sums the
samples of vector x = [x]Tk within windows of length Υ as
follows

g(x,Υ) = ∆(Ih ⊗ 1⊤
Υ)x.

This allows us to formally define shared energy as follows:

Esh(b, s,Υ) = min

{
∑

i∈V
g(bi,Υ),

∑

i∈V
g(si,Υ)

}
∈ Rh.

where b = [b⊤1 , . . . , b
⊤
n ]

⊤, s = [s⊤1 , . . . , s
⊤
n ]

⊤, and the
minimum is applied component-wise.

3.2 Centralized and distributed MILP Problem

In this work, the goal is to minimize the overall costs
for the energy community by taking advantage of the
incentives offered by the Italian government for energy
sharing within the community. Specifically, under the
regulations of the Italian energy market operator (GME),
prosumers are rewarded based on the amount of energy
they share, effectively lowering their energy costs. Let
pe ∈ Rh

≥0 represent the energy price, and psh ∈ Rh
≥0 denote

the economic incentive provided by the government for
shared energy, with each element representing a different
pricing period.

Sold energy
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for networks of thermostatically controlled loads. In [14] a
novel robust framework for the day-ahead energy scheduling
of a residential microgrid comprising interconnected smart
users is proposed. Arghandeh et al. [15] introduced a market-
based optimization algorithm, which was solved using multi-
objective, gradient-based heuristic optimization approach.
this algorithm aims to generate an optimal schedule for
community energy storage, considering both real-time and
day-ahead dimensions.

Model predictive control (MPC) is being considered as
a promising control strategy for efficiently managing users
resources. It is particularly well suited for system with
constraints and dynamics behaviour, making it an effective
approach for managing resources in various applications
[16], [17], [18]. Economic MPC stands as a well-established
methodology for effectively managing both the demand
and supply aspects of energy systems [19]. In MPC, the
optimization problem needs to be solved at each time instant,
which underscores the importance of designing efficient
online solvers. As the number of agents in the network
increases, the complexity of the optimization problem grows.
To tackle this issue, distributed optimization methods have
been developed [20], [21], [22]. In addition to computational
efficiency, distributed optimization methods in MPC also
addresses concerns regarding the privacy of individual agents
within the network. This paper presents a perspective on the
notion of energy sharing with a smart grid in a community
comprising various prosumers and assets, achieved through
the deployment of an innovative energy management system.

The main contribution of this work can be summarized
as follows:

• A formulation of the cooperative energy cost opti-
mization problem for energy communities with shared
energy incentives and BESS (see also [23] for a formu-
lation that includes TCLs).

• A regularized version of the proposed optimization
problem that can solved in distributed fashion despite
the coupling effects of shared energy with the DC-
ADMM algorithm [24], which preserves the privacy of
user data consumption.

• Numerical simulations which compare distributed
and centralized cooperative approaches with a non-
cooperative one. The results show a clear cost benefit
for the energy community achieved by our proposed
optimization framework.

II. NOTATION AND MODEL OF THE ENERGY COMMUNITY

The set of real and integer numbers are denoted by R
and Z, while R�0, N and R+,N+ denote their restriction to
nonnegative and positive entries, respectively. Matrices are
denoted by uppercase letters and vectors by bold lowercase
letters, whose entries are denoted by lowercase, nonbold
symbols. For instance, x = [x1, . . . , xn]> denotes a vector
of n 2 N+ entries xi 2 R with i = 1, . . . , n, and M =
{mij} denotes a square matrix of dimension n 2 N+ with
entries mij 2 R with i, j = 1, . . . , n. Moreover, the identity
matrix is denoted by In while 1n denotes a vector of ones

Fig. 1: Diagram illustrating the energy flow model of a prosumer
within an energy community.

of dimension n 2 N+. When clear from the context, the
subscript is omitted.

A. Signals and sampling
Given a continuous-time signal x(t) 2 R with t 2 R and

a sampling time � 2 N+, we denote by tk = �k with
k 2 N the discrete times at which the signal is sampled,
yielding the discrete time signal x(tk) 2 R. We also denote
by [x]Tk , where k, T 2 N the vector collecting T samples of
the continuous time signal starting from tk, namely

[x]Tk = [x(tk), · · · , x(tk+T�1)]
>
. (1)

B. Networks and Graphs
We consider networks of n 2 N+ interconnected agents

and describe the pattern of interactions by a graph G =
(V, E), where V = {1, . . . , n} is the set of nodes modeling
the agents, and E ✓ (V ⇥ V) is the set of edges modeling
the point-to-point interactions. The interactions among the
agents are assumed to be bidirectional, and therefore the
graph is undirected, i.e., if (i, j) 2 E then (j, i) 2 E . An
undirected graph G is said to be connected if between any
pair of nodes i, j 2 V there exists a path. Nodes i, j 2 V are
said to be neighbors if there exists an edge between them,
i.e., (i, j) 2 E . The set of neighbors of the i-th node is
denoted by Ni = {j 2 V : (i, j) 2 E}. We consider graphs
without self-loops, i.e., i 62 Ni.

C. Model of the energy community
We consider energy communities consisting of n 2 N

prosumers, interconnected according to an undirected graph
G = (V, E), which may, other than consuming power, also
produce power thanks to a renewable generator (RG), and
store energy thanks to a Battery Energy Storage System
(BESS). We now describe the energy flow model at the
prosumer i 2 V level depicted in Fig. 1. The energy
production due to the RG is denoted by gi(t) 2 R�0,
which can be divided into two components g

c
i (t) and g

s
i (t),

representing consumed (by the user) and sold (to the grid)
portions of generation, respectively,

gi(t) = g
c
i (t) + g

s
i (t). (2)

The energy utilized by the prosumer to recharge and dis-
charge the BESS are denoted by ri(t) 2 R�0 and di(t) 2
R�0, respectively. We model the charging/discharging be-
havior of the BESS as follows [25, Section III-A]

e
MAX
i

d

dt
"i(t) = ⌘iri(t)� di(t), (3)
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Shared Energy  : Is the minimum over a window between the energy
injected into the grid and energy withdrawn from
the grid by the users within that window.
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as common decision vector the collection of all local deci-
sion vectors. Agents would then have to store and update
the entire solution estimate of the problem rather than
the portion associated with their decision variables only,
and would have all to know the global coupling constraint.
These major drawbacks hamper the applicability of those
methods to practical applications, thus calling for novel
and e�cient strategies that takes advantage of the net-
work structure of the problem at hand.
Recently developed approaches tackling constraint-

coupled problems directly are mostly based on Lagrangian
duality. In [27] a problem with sparse coupling constraints
is considered and a distributed dual gradient method
achieving linear convergence rate is proposed. A similar
structured problem is considered in [28] where a tailored
algorithm exploiting such structure is proved to converge
to the optimal solution of the problem. In [29, 30], primal-
dual approaches are proposed but they need a diminishing
step-size to achieve convergence. In [31, 32] distributed
dual subgradient algorithms are proposed, in [33] the dual
problem is tackled by means of consensus-ADMM and
proximal operators, while an alternative approach based
on successive duality steps has been investigated in [34];
however, all these algorithms typically exhibit a slow con-
vergence rate for the local decision variables. The track-
ing mechanism has been also employed in [35] to solve
constraint-coupled problems based on an augmented La-
grangian approach for a continuous time setting, but the
considered set-up does not allow for nonsmooth costs and
local constraints. Finally, in the very recent paper [36]
an idea similar to the one proposed in this paper is intro-
duced. However, the approach in [36] requires the agents
to perform multiple communication rounds and the num-
ber of rounds has to be carefully tuned to bound a non-
vanishing steady state error between the asymptotic algo-
rithmic solution and the optimal one.
The contributions of this paper are as follows. We

propose a novel, fully distributed optimization algorithm
to solve constraint-coupled problems over networks by
means of an ADMM-based approach. Di↵erently from dis-
tributed ADMM schemes for problems with common deci-
sion variables, we design our Tracking-ADMM distributed
algorithm by embedding a tracking mechanism into the
parallel ADMM designed for constraint-coupled problems.
The resulting algorithm enjoys the following appeal-

ing features: (i) no parameter tuning is needed, in fact
our algorithm works for all the (constant) choices of a
penalty parameter and no other coe�cients are necessary;
(ii) agents solve optimization problems depending on their
local (few) decision variables and asymptotically compute
only their portion of an optimal (hence feasible) solution to
the given problem; (iii) the local estimate of the coupling
constraint violation gives each agent a local assessment on
the amount of infeasibility, which can be useful, e.g., in
designing distributed (receding horizon) control schemes.
The convergence proof of our Tracking-ADMM for

constraint-coupled problems relies on control systems anal-

ysis tools. By explicitly relying on Lyapunov theory for
linear systems, we are able to find a constrained solution
to a suitable discrete Lyapunov equation that leads to an
aggregate descent condition allowing us to prove: (i) the
(exact) convergence of the dual variables to a dual opti-
mal solution and (ii) that any limit point of the primal
sequences is an optimal solution of the original constraint-
coupled problem. This novel approach allows us to derive
a clean and elegant proof of the asymptotic optimality of
our algorithm.
The rest of the paper is organized as follows. In Section 2

we present the problem set-up and in Section 2.2 we re-
vise the ADMM algorithm. In Section 3 we introduce our
novel Tracking-ADMM distributed algorithm and analyze
its convergence properties, discussing the main steps of the
proof. In Section 4 we apply our algorithm on a realistic
application related to the optimal charging schedule for a
fleet of electric vehicles. In Section 5 we draw some con-
clusions and finally, in Appendix A we report the proofs
of all the results stated in the body of the paper.

Notation. The vector in Rn containing all ones is denoted
by n. The identity matrix of order n is denoted by In.
The Kronecker product is denoted by ⌦. For a matrix
S we write S

> to denote its transpose, S � 0 to de-
note that S is positive definite, ⇢(S) to denote the spec-
tral radius of S, and kSk for its spectral norm. We write
blkdiag(S1, . . . , Sn) to refer to the block-diagonal matrix
with S1, . . . , Sn as blocks. For a vector v, kvk is the Eu-
clidean norm of v, and, for any matrix S � 0, kvkS is the
weighted norm of v, i.e., kvk2S = v

>
Sv.

2. Constraint-Coupled Optimization

In this section we introduce the optimization set-up and
recall some preliminaries about the Alternating Direction
Method of Multipliers (ADMM).

2.1. Optimization Problem and Assumptions

We consider a system composed of N agents which are
willing to cooperatively solve an optimization program for-
mulated over the entire system. Each agent has to set its
local decision variables xi 2 Rni so as to minimize the sum
of local objective functions fi : Rni ! R, while satisfying
local constraints Xi ⇢ Rni as well as a linear constraint
that couples the decisions of all the agents. Formally, we
address the following mathematical program

min
x1,...,xN

NX

i=1

fi(xi)

subject to:
NX

i=1

Aixi = b

xi 2 Xi i = 1, . . . , N,

(P)

2
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coupled problems directly are mostly based on Lagrangian
duality. In [27] a problem with sparse coupling constraints
is considered and a distributed dual gradient method
achieving linear convergence rate is proposed. A similar
structured problem is considered in [28] where a tailored
algorithm exploiting such structure is proved to converge
to the optimal solution of the problem. In [29, 30], primal-
dual approaches are proposed but they need a diminishing
step-size to achieve convergence. In [31, 32] distributed
dual subgradient algorithms are proposed, in [33] the dual
problem is tackled by means of consensus-ADMM and
proximal operators, while an alternative approach based
on successive duality steps has been investigated in [34];
however, all these algorithms typically exhibit a slow con-
vergence rate for the local decision variables. The track-
ing mechanism has been also employed in [35] to solve
constraint-coupled problems based on an augmented La-
grangian approach for a continuous time setting, but the
considered set-up does not allow for nonsmooth costs and
local constraints. Finally, in the very recent paper [36]
an idea similar to the one proposed in this paper is intro-
duced. However, the approach in [36] requires the agents
to perform multiple communication rounds and the num-
ber of rounds has to be carefully tuned to bound a non-
vanishing steady state error between the asymptotic algo-
rithmic solution and the optimal one.
The contributions of this paper are as follows. We

propose a novel, fully distributed optimization algorithm
to solve constraint-coupled problems over networks by
means of an ADMM-based approach. Di↵erently from dis-
tributed ADMM schemes for problems with common deci-
sion variables, we design our Tracking-ADMM distributed
algorithm by embedding a tracking mechanism into the
parallel ADMM designed for constraint-coupled problems.
The resulting algorithm enjoys the following appeal-

ing features: (i) no parameter tuning is needed, in fact
our algorithm works for all the (constant) choices of a
penalty parameter and no other coe�cients are necessary;
(ii) agents solve optimization problems depending on their
local (few) decision variables and asymptotically compute
only their portion of an optimal (hence feasible) solution to
the given problem; (iii) the local estimate of the coupling
constraint violation gives each agent a local assessment on
the amount of infeasibility, which can be useful, e.g., in
designing distributed (receding horizon) control schemes.
The convergence proof of our Tracking-ADMM for

constraint-coupled problems relies on control systems anal-

ysis tools. By explicitly relying on Lyapunov theory for
linear systems, we are able to find a constrained solution
to a suitable discrete Lyapunov equation that leads to an
aggregate descent condition allowing us to prove: (i) the
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mal solution and (ii) that any limit point of the primal
sequences is an optimal solution of the original constraint-
coupled problem. This novel approach allows us to derive
a clean and elegant proof of the asymptotic optimality of
our algorithm.
The rest of the paper is organized as follows. In Section 2

we present the problem set-up and in Section 2.2 we re-
vise the ADMM algorithm. In Section 3 we introduce our
novel Tracking-ADMM distributed algorithm and analyze
its convergence properties, discussing the main steps of the
proof. In Section 4 we apply our algorithm on a realistic
application related to the optimal charging schedule for a
fleet of electric vehicles. In Section 5 we draw some con-
clusions and finally, in Appendix A we report the proofs
of all the results stated in the body of the paper.
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as common decision vector the collection of all local deci-
sion vectors. Agents would then have to store and update
the entire solution estimate of the problem rather than
the portion associated with their decision variables only,
and would have all to know the global coupling constraint.
These major drawbacks hamper the applicability of those
methods to practical applications, thus calling for novel
and e�cient strategies that takes advantage of the net-
work structure of the problem at hand.
Recently developed approaches tackling constraint-

coupled problems directly are mostly based on Lagrangian
duality. In [27] a problem with sparse coupling constraints
is considered and a distributed dual gradient method
achieving linear convergence rate is proposed. A similar
structured problem is considered in [28] where a tailored
algorithm exploiting such structure is proved to converge
to the optimal solution of the problem. In [29, 30], primal-
dual approaches are proposed but they need a diminishing
step-size to achieve convergence. In [31, 32] distributed
dual subgradient algorithms are proposed, in [33] the dual
problem is tackled by means of consensus-ADMM and
proximal operators, while an alternative approach based
on successive duality steps has been investigated in [34];
however, all these algorithms typically exhibit a slow con-
vergence rate for the local decision variables. The track-
ing mechanism has been also employed in [35] to solve
constraint-coupled problems based on an augmented La-
grangian approach for a continuous time setting, but the
considered set-up does not allow for nonsmooth costs and
local constraints. Finally, in the very recent paper [36]
an idea similar to the one proposed in this paper is intro-
duced. However, the approach in [36] requires the agents
to perform multiple communication rounds and the num-
ber of rounds has to be carefully tuned to bound a non-
vanishing steady state error between the asymptotic algo-
rithmic solution and the optimal one.
The contributions of this paper are as follows. We

propose a novel, fully distributed optimization algorithm
to solve constraint-coupled problems over networks by
means of an ADMM-based approach. Di↵erently from dis-
tributed ADMM schemes for problems with common deci-
sion variables, we design our Tracking-ADMM distributed
algorithm by embedding a tracking mechanism into the
parallel ADMM designed for constraint-coupled problems.
The resulting algorithm enjoys the following appeal-

ing features: (i) no parameter tuning is needed, in fact
our algorithm works for all the (constant) choices of a
penalty parameter and no other coe�cients are necessary;
(ii) agents solve optimization problems depending on their
local (few) decision variables and asymptotically compute
only their portion of an optimal (hence feasible) solution to
the given problem; (iii) the local estimate of the coupling
constraint violation gives each agent a local assessment on
the amount of infeasibility, which can be useful, e.g., in
designing distributed (receding horizon) control schemes.
The convergence proof of our Tracking-ADMM for

constraint-coupled problems relies on control systems anal-

ysis tools. By explicitly relying on Lyapunov theory for
linear systems, we are able to find a constrained solution
to a suitable discrete Lyapunov equation that leads to an
aggregate descent condition allowing us to prove: (i) the
(exact) convergence of the dual variables to a dual opti-
mal solution and (ii) that any limit point of the primal
sequences is an optimal solution of the original constraint-
coupled problem. This novel approach allows us to derive
a clean and elegant proof of the asymptotic optimality of
our algorithm.
The rest of the paper is organized as follows. In Section 2

we present the problem set-up and in Section 2.2 we re-
vise the ADMM algorithm. In Section 3 we introduce our
novel Tracking-ADMM distributed algorithm and analyze
its convergence properties, discussing the main steps of the
proof. In Section 4 we apply our algorithm on a realistic
application related to the optimal charging schedule for a
fleet of electric vehicles. In Section 5 we draw some con-
clusions and finally, in Appendix A we report the proofs
of all the results stated in the body of the paper.

Notation. The vector in Rn containing all ones is denoted
by n. The identity matrix of order n is denoted by In.
The Kronecker product is denoted by ⌦. For a matrix
S we write S

> to denote its transpose, S � 0 to de-
note that S is positive definite, ⇢(S) to denote the spec-
tral radius of S, and kSk for its spectral norm. We write
blkdiag(S1, . . . , Sn) to refer to the block-diagonal matrix
with S1, . . . , Sn as blocks. For a vector v, kvk is the Eu-
clidean norm of v, and, for any matrix S � 0, kvkS is the
weighted norm of v, i.e., kvk2S = v

>
Sv.

2. Constraint-Coupled Optimization

In this section we introduce the optimization set-up and
recall some preliminaries about the Alternating Direction
Method of Multipliers (ADMM).

2.1. Optimization Problem and Assumptions

We consider a system composed of N agents which are
willing to cooperatively solve an optimization program for-
mulated over the entire system. Each agent has to set its
local decision variables xi 2 Rni so as to minimize the sum
of local objective functions fi : Rni ! R, while satisfying
local constraints Xi ⇢ Rni as well as a linear constraint
that couples the decisions of all the agents. Formally, we
address the following mathematical program

min
x1,...,xN

NX

i=1

fi(xi)

subject to:
NX

i=1

Aixi = b

xi 2 Xi i = 1, . . . , N,

(P)

2
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the entire solution estimate of the problem rather than
the portion associated with their decision variables only,
and would have all to know the global coupling constraint.
These major drawbacks hamper the applicability of those
methods to practical applications, thus calling for novel
and e�cient strategies that takes advantage of the net-
work structure of the problem at hand.
Recently developed approaches tackling constraint-

coupled problems directly are mostly based on Lagrangian
duality. In [27] a problem with sparse coupling constraints
is considered and a distributed dual gradient method
achieving linear convergence rate is proposed. A similar
structured problem is considered in [28] where a tailored
algorithm exploiting such structure is proved to converge
to the optimal solution of the problem. In [29, 30], primal-
dual approaches are proposed but they need a diminishing
step-size to achieve convergence. In [31, 32] distributed
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rithmic solution and the optimal one.
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means of an ADMM-based approach. Di↵erently from dis-
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algorithm by embedding a tracking mechanism into the
parallel ADMM designed for constraint-coupled problems.
The resulting algorithm enjoys the following appeal-

ing features: (i) no parameter tuning is needed, in fact
our algorithm works for all the (constant) choices of a
penalty parameter and no other coe�cients are necessary;
(ii) agents solve optimization problems depending on their
local (few) decision variables and asymptotically compute
only their portion of an optimal (hence feasible) solution to
the given problem; (iii) the local estimate of the coupling
constraint violation gives each agent a local assessment on
the amount of infeasibility, which can be useful, e.g., in
designing distributed (receding horizon) control schemes.
The convergence proof of our Tracking-ADMM for

constraint-coupled problems relies on control systems anal-

ysis tools. By explicitly relying on Lyapunov theory for
linear systems, we are able to find a constrained solution
to a suitable discrete Lyapunov equation that leads to an
aggregate descent condition allowing us to prove: (i) the
(exact) convergence of the dual variables to a dual opti-
mal solution and (ii) that any limit point of the primal
sequences is an optimal solution of the original constraint-
coupled problem. This novel approach allows us to derive
a clean and elegant proof of the asymptotic optimality of
our algorithm.
The rest of the paper is organized as follows. In Section 2

we present the problem set-up and in Section 2.2 we re-
vise the ADMM algorithm. In Section 3 we introduce our
novel Tracking-ADMM distributed algorithm and analyze
its convergence properties, discussing the main steps of the
proof. In Section 4 we apply our algorithm on a realistic
application related to the optimal charging schedule for a
fleet of electric vehicles. In Section 5 we draw some con-
clusions and finally, in Appendix A we report the proofs
of all the results stated in the body of the paper.
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c ȯo
RT

c !o

�
�

I 0

0 I

� 
RT

c ȯc
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ẍd +KP x̃+KD

˙̃x
�
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as common decision vector the collection of all local deci-
sion vectors. Agents would then have to store and update
the entire solution estimate of the problem rather than
the portion associated with their decision variables only,
and would have all to know the global coupling constraint.
These major drawbacks hamper the applicability of those
methods to practical applications, thus calling for novel
and e�cient strategies that takes advantage of the net-
work structure of the problem at hand.
Recently developed approaches tackling constraint-

coupled problems directly are mostly based on Lagrangian
duality. In [27] a problem with sparse coupling constraints
is considered and a distributed dual gradient method
achieving linear convergence rate is proposed. A similar
structured problem is considered in [28] where a tailored
algorithm exploiting such structure is proved to converge
to the optimal solution of the problem. In [29, 30], primal-
dual approaches are proposed but they need a diminishing
step-size to achieve convergence. In [31, 32] distributed
dual subgradient algorithms are proposed, in [33] the dual
problem is tackled by means of consensus-ADMM and
proximal operators, while an alternative approach based
on successive duality steps has been investigated in [34];
however, all these algorithms typically exhibit a slow con-
vergence rate for the local decision variables. The track-
ing mechanism has been also employed in [35] to solve
constraint-coupled problems based on an augmented La-
grangian approach for a continuous time setting, but the
considered set-up does not allow for nonsmooth costs and
local constraints. Finally, in the very recent paper [36]
an idea similar to the one proposed in this paper is intro-
duced. However, the approach in [36] requires the agents
to perform multiple communication rounds and the num-
ber of rounds has to be carefully tuned to bound a non-
vanishing steady state error between the asymptotic algo-
rithmic solution and the optimal one.
The contributions of this paper are as follows. We

propose a novel, fully distributed optimization algorithm
to solve constraint-coupled problems over networks by
means of an ADMM-based approach. Di↵erently from dis-
tributed ADMM schemes for problems with common deci-
sion variables, we design our Tracking-ADMM distributed
algorithm by embedding a tracking mechanism into the
parallel ADMM designed for constraint-coupled problems.
The resulting algorithm enjoys the following appeal-

ing features: (i) no parameter tuning is needed, in fact
our algorithm works for all the (constant) choices of a
penalty parameter and no other coe�cients are necessary;
(ii) agents solve optimization problems depending on their
local (few) decision variables and asymptotically compute
only their portion of an optimal (hence feasible) solution to
the given problem; (iii) the local estimate of the coupling
constraint violation gives each agent a local assessment on
the amount of infeasibility, which can be useful, e.g., in
designing distributed (receding horizon) control schemes.
The convergence proof of our Tracking-ADMM for

constraint-coupled problems relies on control systems anal-

ysis tools. By explicitly relying on Lyapunov theory for
linear systems, we are able to find a constrained solution
to a suitable discrete Lyapunov equation that leads to an
aggregate descent condition allowing us to prove: (i) the
(exact) convergence of the dual variables to a dual opti-
mal solution and (ii) that any limit point of the primal
sequences is an optimal solution of the original constraint-
coupled problem. This novel approach allows us to derive
a clean and elegant proof of the asymptotic optimality of
our algorithm.
The rest of the paper is organized as follows. In Section 2

we present the problem set-up and in Section 2.2 we re-
vise the ADMM algorithm. In Section 3 we introduce our
novel Tracking-ADMM distributed algorithm and analyze
its convergence properties, discussing the main steps of the
proof. In Section 4 we apply our algorithm on a realistic
application related to the optimal charging schedule for a
fleet of electric vehicles. In Section 5 we draw some con-
clusions and finally, in Appendix A we report the proofs
of all the results stated in the body of the paper.

Notation. The vector in Rn containing all ones is denoted
by n. The identity matrix of order n is denoted by In.
The Kronecker product is denoted by ⌦. For a matrix
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> to denote its transpose, S � 0 to de-
note that S is positive definite, ⇢(S) to denote the spec-
tral radius of S, and kSk for its spectral norm. We write
blkdiag(S1, . . . , Sn) to refer to the block-diagonal matrix
with S1, . . . , Sn as blocks. For a vector v, kvk is the Eu-
clidean norm of v, and, for any matrix S � 0, kvkS is the
weighted norm of v, i.e., kvk2S = v

>
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2. Constraint-Coupled Optimization

In this section we introduce the optimization set-up and
recall some preliminaries about the Alternating Direction
Method of Multipliers (ADMM).

2.1. Optimization Problem and Assumptions

We consider a system composed of N agents which are
willing to cooperatively solve an optimization program for-
mulated over the entire system. Each agent has to set its
local decision variables xi 2 Rni so as to minimize the sum
of local objective functions fi : Rni ! R, while satisfying
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as common decision vector the collection of all local deci-
sion vectors. Agents would then have to store and update
the entire solution estimate of the problem rather than
the portion associated with their decision variables only,
and would have all to know the global coupling constraint.
These major drawbacks hamper the applicability of those
methods to practical applications, thus calling for novel
and e�cient strategies that takes advantage of the net-
work structure of the problem at hand.
Recently developed approaches tackling constraint-

coupled problems directly are mostly based on Lagrangian
duality. In [27] a problem with sparse coupling constraints
is considered and a distributed dual gradient method
achieving linear convergence rate is proposed. A similar
structured problem is considered in [28] where a tailored
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to the optimal solution of the problem. In [29, 30], primal-
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constraint-coupled problems based on an augmented La-
grangian approach for a continuous time setting, but the
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local constraints. Finally, in the very recent paper [36]
an idea similar to the one proposed in this paper is intro-
duced. However, the approach in [36] requires the agents
to perform multiple communication rounds and the num-
ber of rounds has to be carefully tuned to bound a non-
vanishing steady state error between the asymptotic algo-
rithmic solution and the optimal one.
The contributions of this paper are as follows. We

propose a novel, fully distributed optimization algorithm
to solve constraint-coupled problems over networks by
means of an ADMM-based approach. Di↵erently from dis-
tributed ADMM schemes for problems with common deci-
sion variables, we design our Tracking-ADMM distributed
algorithm by embedding a tracking mechanism into the
parallel ADMM designed for constraint-coupled problems.
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ing features: (i) no parameter tuning is needed, in fact
our algorithm works for all the (constant) choices of a
penalty parameter and no other coe�cients are necessary;
(ii) agents solve optimization problems depending on their
local (few) decision variables and asymptotically compute
only their portion of an optimal (hence feasible) solution to
the given problem; (iii) the local estimate of the coupling
constraint violation gives each agent a local assessment on
the amount of infeasibility, which can be useful, e.g., in
designing distributed (receding horizon) control schemes.
The convergence proof of our Tracking-ADMM for

constraint-coupled problems relies on control systems anal-

ysis tools. By explicitly relying on Lyapunov theory for
linear systems, we are able to find a constrained solution
to a suitable discrete Lyapunov equation that leads to an
aggregate descent condition allowing us to prove: (i) the
(exact) convergence of the dual variables to a dual opti-
mal solution and (ii) that any limit point of the primal
sequences is an optimal solution of the original constraint-
coupled problem. This novel approach allows us to derive
a clean and elegant proof of the asymptotic optimality of
our algorithm.
The rest of the paper is organized as follows. In Section 2

we present the problem set-up and in Section 2.2 we re-
vise the ADMM algorithm. In Section 3 we introduce our
novel Tracking-ADMM distributed algorithm and analyze
its convergence properties, discussing the main steps of the
proof. In Section 4 we apply our algorithm on a realistic
application related to the optimal charging schedule for a
fleet of electric vehicles. In Section 5 we draw some con-
clusions and finally, in Appendix A we report the proofs
of all the results stated in the body of the paper.
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We consider a system composed of N agents which are
willing to cooperatively solve an optimization program for-
mulated over the entire system. Each agent has to set its
local decision variables xi 2 Rni so as to minimize the sum
of local objective functions fi : Rni ! R, while satisfying
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that couples the decisions of all the agents. Formally, we
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c ȯo
RT

c !o

�
�


RT

c ȯc
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Assumption 3 (Connectivity). The graph G is undirected

and connected, i.e., (i, j) 2 E if and only if (j, i) 2 E and

for every pair of vertices in V there exists a path of edges

in E that connects them.

Each edge (i, j) 2 E has an associated weight wij , which
measures how much agent i values the information received
by agent j. For those (i, j) /2 E we set wij = 0, which mod-
els the fact that agent i does not receive any information
from agent j. We impose the following assumption on the
network weights.

Assumption 4 (Balanced information exchange). For all

i, j = 1, . . . , N , wij 2 [0, 1) and wij = wji. Furthermore

•
PN

i=1 wij = 1 for all j = 1, . . . , N ,

•
PN

j=1 wij = 1 for all i = 1, . . . , N ,

and wij > 0 if and only if (i, j) 2 E.

Let W 2 RN⇥N be the matrix whose (i, j)-th entry is
wij , often referred to as the consensus matrix. Assump-
tion 4 translates into requiring W to be symmetric and
doubly stochastic, i.e., W = W

> and W N = W
>

N =

N . We should point out that Assumptions 3 and 4 are
common in the consensus-based distributed optimization
literature, see, e.g., [2, 3].

Finally, we impose the following additional assumption
on the consensus matrix.

Assumption 5. W is positive semidefinite.

Note that this assumption is not too restrictive. Indeed,
in Section 3.3.2 we will show that if the agents perform
two consecutive communication in the same iteration with
any consensus matrix satisfying Assumption 4, then this
is equivalent to a single communication with a consensus
matrix satisfying both Assumptions 4 and 5.

3.2. Algorithm Description

In this section, we start from the parallel ADMM
and gradually introduce the reader to our proposed algo-
rithm to jointly gain insights about the underlying mech-
anism and motivate the role of the consensus and tracking

schemes.
The update (3c) for �k in the parallel ADMM resembles

a gradient step aiming at maximizing the cost function
of D. Distributed implementations of gradient-based ap-
proaches to solve optimization problems with common de-
cision variables in the form of D are well known, see e.g. [2].
Typically, each agent i maintain a vector �i,k 2 Rp, repre-
senting a local version (or copy) of �k, which is iteratively
updated according to a consensus-based scheme to force
agreement of the local copies. If, at each iteration, the
quantity dk+1 were available to all agents, then we could
propose the following local update step of �i,k for agent i

�i,k+1 =
X

j2Ni

wij �j,k + c dk+1, (4)

Algorithm 1 Tracking-ADMM

1: Initialization

2: xi,0 2 Xi

3: di,0 = Aixi,0 � bi

4: �i,0 2 Rp

5: Repeat until convergence

6: �i,k =
P

j2Ni
wij dj,k

7: `i,k =
P

j2Ni
wij �j,k

8: xi,k+1 2 argmin
xi2Xi

n
fi(xi) + `

>
i,kAixi

+
c

2
kAixi �Aixi,k + �i,kk

2
o

9: di,k+1 = �i,k +Aixi,k+1 �Aixi,k

10: �i,k+1 = `i,k + c di,k+1

11: k  k + 1

for all i = 1, . . . , N .
However, update (4) cannot be implemented in a fully

distributed scheme since dk+1 is not locally available and
should be computed by a central unit (cf. (3b)). In the
same spirit of �i,k, a distributed counterpart for (3b) can
be obtained by equipping each agent i with a local auxil-
iary quantity di,k 2 Rp, which serves as a local estimate
of dk. Since dk is the average of Aixi,k � bi, i = 1, . . . , N

(with
PN

i=1 bi = b), we propose to update di,k according
to a (distributed) dynamic average consensus mechanism,
see [19, 20]:

di,k+1 =
X

j2Ni

wij dj,k+(Aixi,k+1�bi)� (Aixi,k�bi), (5)

initialized with di,0 = Aixi,0 � bi, for all i = 1, . . . , N .
In this way, di,k acts as a distributed tracker of the (time-

varying) signal (1/N)
PN

i=1 (Aixi,k � bi). Using di,k+1 in
place of dk+1 in (4) makes the update of �i,k fully dis-
tributed.

Clearly, since we propose to replace the centralized
quantities �k and dk with their local counterparts, the lo-
cal minimization in (3a) has to be adjusted accordingly.
The Tracking-ADMM is formally summarized in Algo-
rithm 1 from the perspective of agent i. Specifically, the
adapted local minimization to compute xi,k+1 is shown
in Step 8, where �k and dk in the original centralized up-
date (3a), are replaced by the local averages `i,k and �i,k,
respectively (cf. Steps 6 and 7).

Some remarks are in order. First, we shall stress that all
update steps (cf. Steps 8-10) are fully distributed, as they
only use quantities that are either locally known to agent
i or collected by agent i via neighboring communications
(cf. Steps 6 and 7). Moreover, the minimization in Step 8
is always well defined in view of Assumption 1.

While the initialization of xi,k and �i,k can be arbi-
trary, the correct initialization of di,k as per Step 3 is
crucial, consistently with other tracking-based approaches
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Assumption 3 (Connectivity). The graph G is undirected

and connected, i.e., (i, j) 2 E if and only if (j, i) 2 E and

for every pair of vertices in V there exists a path of edges

in E that connects them.

Each edge (i, j) 2 E has an associated weight wij , which
measures how much agent i values the information received
by agent j. For those (i, j) /2 E we set wij = 0, which mod-
els the fact that agent i does not receive any information
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•
PN
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•
PN
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> and W N = W
>

N =

N . We should point out that Assumptions 3 and 4 are
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literature, see, e.g., [2, 3].
Finally, we impose the following additional assumption

on the consensus matrix.

Assumption 5. W is positive semidefinite.
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senting a local version (or copy) of �k, which is iteratively
updated according to a consensus-based scheme to force
agreement of the local copies. If, at each iteration, the
quantity dk+1 were available to all agents, then we could
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ṡ = Jsv
c
o + Lsv

c
c

=


RT

c ȯo
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ẍe = a

1

x̄i �̄i ¯̀
i

xi,0 2 conv(Xi)

xi 2 conv(Xi)

Xi

✓
pwx
pwy

◆

(RT
c = Rc

)

V̇ = �q̇TF q̇ + q̇T (u� g(q) + JL(s, zc, q)KPses)
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c ȯc
RT

c !c

�

voc,o =


RT

c ȯo
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c ȯc
RT

c !c

�

⌧ = BJ�1
A

�
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Local constraints

Real-time management of ECs (active power)

as common decision vector the collection of all local deci-
sion vectors. Agents would then have to store and update
the entire solution estimate of the problem rather than
the portion associated with their decision variables only,
and would have all to know the global coupling constraint.
These major drawbacks hamper the applicability of those
methods to practical applications, thus calling for novel
and e�cient strategies that takes advantage of the net-
work structure of the problem at hand.
Recently developed approaches tackling constraint-

coupled problems directly are mostly based on Lagrangian
duality. In [27] a problem with sparse coupling constraints
is considered and a distributed dual gradient method
achieving linear convergence rate is proposed. A similar
structured problem is considered in [28] where a tailored
algorithm exploiting such structure is proved to converge
to the optimal solution of the problem. In [29, 30], primal-
dual approaches are proposed but they need a diminishing
step-size to achieve convergence. In [31, 32] distributed
dual subgradient algorithms are proposed, in [33] the dual
problem is tackled by means of consensus-ADMM and
proximal operators, while an alternative approach based
on successive duality steps has been investigated in [34];
however, all these algorithms typically exhibit a slow con-
vergence rate for the local decision variables. The track-
ing mechanism has been also employed in [35] to solve
constraint-coupled problems based on an augmented La-
grangian approach for a continuous time setting, but the
considered set-up does not allow for nonsmooth costs and
local constraints. Finally, in the very recent paper [36]
an idea similar to the one proposed in this paper is intro-
duced. However, the approach in [36] requires the agents
to perform multiple communication rounds and the num-
ber of rounds has to be carefully tuned to bound a non-
vanishing steady state error between the asymptotic algo-
rithmic solution and the optimal one.
The contributions of this paper are as follows. We

propose a novel, fully distributed optimization algorithm
to solve constraint-coupled problems over networks by
means of an ADMM-based approach. Di↵erently from dis-
tributed ADMM schemes for problems with common deci-
sion variables, we design our Tracking-ADMM distributed
algorithm by embedding a tracking mechanism into the
parallel ADMM designed for constraint-coupled problems.
The resulting algorithm enjoys the following appeal-

ing features: (i) no parameter tuning is needed, in fact
our algorithm works for all the (constant) choices of a
penalty parameter and no other coe�cients are necessary;
(ii) agents solve optimization problems depending on their
local (few) decision variables and asymptotically compute
only their portion of an optimal (hence feasible) solution to
the given problem; (iii) the local estimate of the coupling
constraint violation gives each agent a local assessment on
the amount of infeasibility, which can be useful, e.g., in
designing distributed (receding horizon) control schemes.
The convergence proof of our Tracking-ADMM for

constraint-coupled problems relies on control systems anal-

ysis tools. By explicitly relying on Lyapunov theory for
linear systems, we are able to find a constrained solution
to a suitable discrete Lyapunov equation that leads to an
aggregate descent condition allowing us to prove: (i) the
(exact) convergence of the dual variables to a dual opti-
mal solution and (ii) that any limit point of the primal
sequences is an optimal solution of the original constraint-
coupled problem. This novel approach allows us to derive
a clean and elegant proof of the asymptotic optimality of
our algorithm.
The rest of the paper is organized as follows. In Section 2

we present the problem set-up and in Section 2.2 we re-
vise the ADMM algorithm. In Section 3 we introduce our
novel Tracking-ADMM distributed algorithm and analyze
its convergence properties, discussing the main steps of the
proof. In Section 4 we apply our algorithm on a realistic
application related to the optimal charging schedule for a
fleet of electric vehicles. In Section 5 we draw some con-
clusions and finally, in Appendix A we report the proofs
of all the results stated in the body of the paper.

Notation. The vector in Rn containing all ones is denoted
by n. The identity matrix of order n is denoted by In.
The Kronecker product is denoted by ⌦. For a matrix
S we write S

> to denote its transpose, S � 0 to de-
note that S is positive definite, ⇢(S) to denote the spec-
tral radius of S, and kSk for its spectral norm. We write
blkdiag(S1, . . . , Sn) to refer to the block-diagonal matrix
with S1, . . . , Sn as blocks. For a vector v, kvk is the Eu-
clidean norm of v, and, for any matrix S � 0, kvkS is the
weighted norm of v, i.e., kvk2S = v

>
Sv.

2. Constraint-Coupled Optimization

In this section we introduce the optimization set-up and
recall some preliminaries about the Alternating Direction
Method of Multipliers (ADMM).

2.1. Optimization Problem and Assumptions

We consider a system composed of N agents which are
willing to cooperatively solve an optimization program for-
mulated over the entire system. Each agent has to set its
local decision variables xi 2 Rni so as to minimize the sum
of local objective functions fi : Rni ! R, while satisfying
local constraints Xi ⇢ Rni as well as a linear constraint
that couples the decisions of all the agents. Formally, we
address the following mathematical program

min
x1,...,xN

NX

i=1

fi(xi)

subject to:
NX

i=1

Aixi = b

xi 2 Xi i = 1, . . . , N,

(P)

2

as common decision vector the collection of all local deci-
sion vectors. Agents would then have to store and update
the entire solution estimate of the problem rather than
the portion associated with their decision variables only,
and would have all to know the global coupling constraint.
These major drawbacks hamper the applicability of those
methods to practical applications, thus calling for novel
and e�cient strategies that takes advantage of the net-
work structure of the problem at hand.
Recently developed approaches tackling constraint-

coupled problems directly are mostly based on Lagrangian
duality. In [27] a problem with sparse coupling constraints
is considered and a distributed dual gradient method
achieving linear convergence rate is proposed. A similar
structured problem is considered in [28] where a tailored
algorithm exploiting such structure is proved to converge
to the optimal solution of the problem. In [29, 30], primal-
dual approaches are proposed but they need a diminishing
step-size to achieve convergence. In [31, 32] distributed
dual subgradient algorithms are proposed, in [33] the dual
problem is tackled by means of consensus-ADMM and
proximal operators, while an alternative approach based
on successive duality steps has been investigated in [34];
however, all these algorithms typically exhibit a slow con-
vergence rate for the local decision variables. The track-
ing mechanism has been also employed in [35] to solve
constraint-coupled problems based on an augmented La-
grangian approach for a continuous time setting, but the
considered set-up does not allow for nonsmooth costs and
local constraints. Finally, in the very recent paper [36]
an idea similar to the one proposed in this paper is intro-
duced. However, the approach in [36] requires the agents
to perform multiple communication rounds and the num-
ber of rounds has to be carefully tuned to bound a non-
vanishing steady state error between the asymptotic algo-
rithmic solution and the optimal one.
The contributions of this paper are as follows. We

propose a novel, fully distributed optimization algorithm
to solve constraint-coupled problems over networks by
means of an ADMM-based approach. Di↵erently from dis-
tributed ADMM schemes for problems with common deci-
sion variables, we design our Tracking-ADMM distributed
algorithm by embedding a tracking mechanism into the
parallel ADMM designed for constraint-coupled problems.
The resulting algorithm enjoys the following appeal-

ing features: (i) no parameter tuning is needed, in fact
our algorithm works for all the (constant) choices of a
penalty parameter and no other coe�cients are necessary;
(ii) agents solve optimization problems depending on their
local (few) decision variables and asymptotically compute
only their portion of an optimal (hence feasible) solution to
the given problem; (iii) the local estimate of the coupling
constraint violation gives each agent a local assessment on
the amount of infeasibility, which can be useful, e.g., in
designing distributed (receding horizon) control schemes.
The convergence proof of our Tracking-ADMM for

constraint-coupled problems relies on control systems anal-

ysis tools. By explicitly relying on Lyapunov theory for
linear systems, we are able to find a constrained solution
to a suitable discrete Lyapunov equation that leads to an
aggregate descent condition allowing us to prove: (i) the
(exact) convergence of the dual variables to a dual opti-
mal solution and (ii) that any limit point of the primal
sequences is an optimal solution of the original constraint-
coupled problem. This novel approach allows us to derive
a clean and elegant proof of the asymptotic optimality of
our algorithm.
The rest of the paper is organized as follows. In Section 2

we present the problem set-up and in Section 2.2 we re-
vise the ADMM algorithm. In Section 3 we introduce our
novel Tracking-ADMM distributed algorithm and analyze
its convergence properties, discussing the main steps of the
proof. In Section 4 we apply our algorithm on a realistic
application related to the optimal charging schedule for a
fleet of electric vehicles. In Section 5 we draw some con-
clusions and finally, in Appendix A we report the proofs
of all the results stated in the body of the paper.

Notation. The vector in Rn containing all ones is denoted
by n. The identity matrix of order n is denoted by In.
The Kronecker product is denoted by ⌦. For a matrix
S we write S

> to denote its transpose, S � 0 to de-
note that S is positive definite, ⇢(S) to denote the spec-
tral radius of S, and kSk for its spectral norm. We write
blkdiag(S1, . . . , Sn) to refer to the block-diagonal matrix
with S1, . . . , Sn as blocks. For a vector v, kvk is the Eu-
clidean norm of v, and, for any matrix S � 0, kvkS is the
weighted norm of v, i.e., kvk2S = v

>
Sv.

2. Constraint-Coupled Optimization

In this section we introduce the optimization set-up and
recall some preliminaries about the Alternating Direction
Method of Multipliers (ADMM).

2.1. Optimization Problem and Assumptions

We consider a system composed of N agents which are
willing to cooperatively solve an optimization program for-
mulated over the entire system. Each agent has to set its
local decision variables xi 2 Rni so as to minimize the sum
of local objective functions fi : Rni ! R, while satisfying
local constraints Xi ⇢ Rni as well as a linear constraint
that couples the decisions of all the agents. Formally, we
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x1,...,xN
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ṡ = Jsv
c
o + Lsv

c
c

=


RT

c ȯo
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c ȯo
RT

c !o

�
�

I 0

0 I

� 
RT

c ȯc
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ẍd +KP x̃+KD

˙̃x
�
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Assumption 3 (Connectivity). The graph G is undirected

and connected, i.e., (i, j) 2 E if and only if (j, i) 2 E and

for every pair of vertices in V there exists a path of edges

in E that connects them.

Each edge (i, j) 2 E has an associated weight wij , which
measures how much agent i values the information received
by agent j. For those (i, j) /2 E we set wij = 0, which mod-
els the fact that agent i does not receive any information
from agent j. We impose the following assumption on the
network weights.

Assumption 4 (Balanced information exchange). For all

i, j = 1, . . . , N , wij 2 [0, 1) and wij = wji. Furthermore

•
PN

i=1 wij = 1 for all j = 1, . . . , N ,

•
PN

j=1 wij = 1 for all i = 1, . . . , N ,

and wij > 0 if and only if (i, j) 2 E.

Let W 2 RN⇥N be the matrix whose (i, j)-th entry is
wij , often referred to as the consensus matrix. Assump-
tion 4 translates into requiring W to be symmetric and
doubly stochastic, i.e., W = W

> and W N = W
>

N =

N . We should point out that Assumptions 3 and 4 are
common in the consensus-based distributed optimization
literature, see, e.g., [2, 3].

Finally, we impose the following additional assumption
on the consensus matrix.

Assumption 5. W is positive semidefinite.

Note that this assumption is not too restrictive. Indeed,
in Section 3.3.2 we will show that if the agents perform
two consecutive communication in the same iteration with
any consensus matrix satisfying Assumption 4, then this
is equivalent to a single communication with a consensus
matrix satisfying both Assumptions 4 and 5.

3.2. Algorithm Description

In this section, we start from the parallel ADMM
and gradually introduce the reader to our proposed algo-
rithm to jointly gain insights about the underlying mech-
anism and motivate the role of the consensus and tracking

schemes.
The update (3c) for �k in the parallel ADMM resembles

a gradient step aiming at maximizing the cost function
of D. Distributed implementations of gradient-based ap-
proaches to solve optimization problems with common de-
cision variables in the form of D are well known, see e.g. [2].
Typically, each agent i maintain a vector �i,k 2 Rp, repre-
senting a local version (or copy) of �k, which is iteratively
updated according to a consensus-based scheme to force
agreement of the local copies. If, at each iteration, the
quantity dk+1 were available to all agents, then we could
propose the following local update step of �i,k for agent i

�i,k+1 =
X

j2Ni

wij �j,k + c dk+1, (4)

Algorithm 1 Tracking-ADMM

1: Initialization

2: xi,0 2 Xi

3: di,0 = Aixi,0 � bi

4: �i,0 2 Rp

5: Repeat until convergence

6: �i,k =
P

j2Ni
wij dj,k

7: `i,k =
P

j2Ni
wij �j,k

8: xi,k+1 2 argmin
xi2Xi

n
fi(xi) + `

>
i,kAixi

+
c

2
kAixi �Aixi,k + �i,kk

2
o

9: di,k+1 = �i,k +Aixi,k+1 �Aixi,k

10: �i,k+1 = `i,k + c di,k+1

11: k  k + 1

for all i = 1, . . . , N .
However, update (4) cannot be implemented in a fully

distributed scheme since dk+1 is not locally available and
should be computed by a central unit (cf. (3b)). In the
same spirit of �i,k, a distributed counterpart for (3b) can
be obtained by equipping each agent i with a local auxil-
iary quantity di,k 2 Rp, which serves as a local estimate
of dk. Since dk is the average of Aixi,k � bi, i = 1, . . . , N

(with
PN

i=1 bi = b), we propose to update di,k according
to a (distributed) dynamic average consensus mechanism,
see [19, 20]:

di,k+1 =
X

j2Ni

wij dj,k+(Aixi,k+1�bi)� (Aixi,k�bi), (5)

initialized with di,0 = Aixi,0 � bi, for all i = 1, . . . , N .
In this way, di,k acts as a distributed tracker of the (time-

varying) signal (1/N)
PN

i=1 (Aixi,k � bi). Using di,k+1 in
place of dk+1 in (4) makes the update of �i,k fully dis-
tributed.

Clearly, since we propose to replace the centralized
quantities �k and dk with their local counterparts, the lo-
cal minimization in (3a) has to be adjusted accordingly.
The Tracking-ADMM is formally summarized in Algo-
rithm 1 from the perspective of agent i. Specifically, the
adapted local minimization to compute xi,k+1 is shown
in Step 8, where �k and dk in the original centralized up-
date (3a), are replaced by the local averages `i,k and �i,k,
respectively (cf. Steps 6 and 7).

Some remarks are in order. First, we shall stress that all
update steps (cf. Steps 8-10) are fully distributed, as they
only use quantities that are either locally known to agent
i or collected by agent i via neighboring communications
(cf. Steps 6 and 7). Moreover, the minimization in Step 8
is always well defined in view of Assumption 1.

While the initialization of xi,k and �i,k can be arbi-
trary, the correct initialization of di,k as per Step 3 is
crucial, consistently with other tracking-based approaches
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c ȯo
RT

c !o

�
�


I 0

0 I

� 
RT

c ȯc
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c ȯc
RT

c !c

�

⌧ = BJ�1
A

�
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c ȯc
RT

c !c

�
+


0 S(occ,o)
0 0

� 
RT

c ȯc
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c ȯc
RT

c !c

�
+


0 S(occ,o)
0 0

� 
RT

c ȯc
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+ CA(xe, ẋe)ẋe + gA(xe)

�A = BA(xe)a+ CA(xe, ẋe)ẋe + gA(xe)
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c ȯc
RT

c !c

�

=


RT

c ȯo
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as common decision vector the collection of all local deci-
sion vectors. Agents would then have to store and update
the entire solution estimate of the problem rather than
the portion associated with their decision variables only,
and would have all to know the global coupling constraint.
These major drawbacks hamper the applicability of those
methods to practical applications, thus calling for novel
and e�cient strategies that takes advantage of the net-
work structure of the problem at hand.
Recently developed approaches tackling constraint-

coupled problems directly are mostly based on Lagrangian
duality. In [27] a problem with sparse coupling constraints
is considered and a distributed dual gradient method
achieving linear convergence rate is proposed. A similar
structured problem is considered in [28] where a tailored
algorithm exploiting such structure is proved to converge
to the optimal solution of the problem. In [29, 30], primal-
dual approaches are proposed but they need a diminishing
step-size to achieve convergence. In [31, 32] distributed
dual subgradient algorithms are proposed, in [33] the dual
problem is tackled by means of consensus-ADMM and
proximal operators, while an alternative approach based
on successive duality steps has been investigated in [34];
however, all these algorithms typically exhibit a slow con-
vergence rate for the local decision variables. The track-
ing mechanism has been also employed in [35] to solve
constraint-coupled problems based on an augmented La-
grangian approach for a continuous time setting, but the
considered set-up does not allow for nonsmooth costs and
local constraints. Finally, in the very recent paper [36]
an idea similar to the one proposed in this paper is intro-
duced. However, the approach in [36] requires the agents
to perform multiple communication rounds and the num-
ber of rounds has to be carefully tuned to bound a non-
vanishing steady state error between the asymptotic algo-
rithmic solution and the optimal one.
The contributions of this paper are as follows. We

propose a novel, fully distributed optimization algorithm
to solve constraint-coupled problems over networks by
means of an ADMM-based approach. Di↵erently from dis-
tributed ADMM schemes for problems with common deci-
sion variables, we design our Tracking-ADMM distributed
algorithm by embedding a tracking mechanism into the
parallel ADMM designed for constraint-coupled problems.
The resulting algorithm enjoys the following appeal-

ing features: (i) no parameter tuning is needed, in fact
our algorithm works for all the (constant) choices of a
penalty parameter and no other coe�cients are necessary;
(ii) agents solve optimization problems depending on their
local (few) decision variables and asymptotically compute
only their portion of an optimal (hence feasible) solution to
the given problem; (iii) the local estimate of the coupling
constraint violation gives each agent a local assessment on
the amount of infeasibility, which can be useful, e.g., in
designing distributed (receding horizon) control schemes.
The convergence proof of our Tracking-ADMM for

constraint-coupled problems relies on control systems anal-

ysis tools. By explicitly relying on Lyapunov theory for
linear systems, we are able to find a constrained solution
to a suitable discrete Lyapunov equation that leads to an
aggregate descent condition allowing us to prove: (i) the
(exact) convergence of the dual variables to a dual opti-
mal solution and (ii) that any limit point of the primal
sequences is an optimal solution of the original constraint-
coupled problem. This novel approach allows us to derive
a clean and elegant proof of the asymptotic optimality of
our algorithm.
The rest of the paper is organized as follows. In Section 2

we present the problem set-up and in Section 2.2 we re-
vise the ADMM algorithm. In Section 3 we introduce our
novel Tracking-ADMM distributed algorithm and analyze
its convergence properties, discussing the main steps of the
proof. In Section 4 we apply our algorithm on a realistic
application related to the optimal charging schedule for a
fleet of electric vehicles. In Section 5 we draw some con-
clusions and finally, in Appendix A we report the proofs
of all the results stated in the body of the paper.

Notation. The vector in Rn containing all ones is denoted
by n. The identity matrix of order n is denoted by In.
The Kronecker product is denoted by ⌦. For a matrix
S we write S

> to denote its transpose, S � 0 to de-
note that S is positive definite, ⇢(S) to denote the spec-
tral radius of S, and kSk for its spectral norm. We write
blkdiag(S1, . . . , Sn) to refer to the block-diagonal matrix
with S1, . . . , Sn as blocks. For a vector v, kvk is the Eu-
clidean norm of v, and, for any matrix S � 0, kvkS is the
weighted norm of v, i.e., kvk2S = v

>
Sv.

2. Constraint-Coupled Optimization

In this section we introduce the optimization set-up and
recall some preliminaries about the Alternating Direction
Method of Multipliers (ADMM).

2.1. Optimization Problem and Assumptions

We consider a system composed of N agents which are
willing to cooperatively solve an optimization program for-
mulated over the entire system. Each agent has to set its
local decision variables xi 2 Rni so as to minimize the sum
of local objective functions fi : Rni ! R, while satisfying
local constraints Xi ⇢ Rni as well as a linear constraint
that couples the decisions of all the agents. Formally, we
address the following mathematical program

min
x1,...,xN

NX

i=1

fi(xi)

subject to:
NX

i=1

Aixi = b

xi 2 Xi i = 1, . . . , N,

(P)

2

Electronic power converters are extensively applied in microgrids to interface
distributed energy resources to the grid. They provide :

• primary active-power control (to maximize shared energy!)

• other ancillary services – exploiting additional degrees of freedom

• minimization of power losses,
• regulation of reactive power,
• unbalance compesantion at PCC

Real-time management of  ECs

• Ancillary services improving power quality (shorter time-scale   ~91min)

• Optimization over networks of energy communities (longer time-scale  
~9hours)

• Energy management in Energy Communities (time-scale   ~915min)

Control architecture for the management of Energy Communities
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as common decision vector the collection of all local deci-
sion vectors. Agents would then have to store and update
the entire solution estimate of the problem rather than
the portion associated with their decision variables only,
and would have all to know the global coupling constraint.
These major drawbacks hamper the applicability of those
methods to practical applications, thus calling for novel
and e�cient strategies that takes advantage of the net-
work structure of the problem at hand.
Recently developed approaches tackling constraint-

coupled problems directly are mostly based on Lagrangian
duality. In [27] a problem with sparse coupling constraints
is considered and a distributed dual gradient method
achieving linear convergence rate is proposed. A similar
structured problem is considered in [28] where a tailored
algorithm exploiting such structure is proved to converge
to the optimal solution of the problem. In [29, 30], primal-
dual approaches are proposed but they need a diminishing
step-size to achieve convergence. In [31, 32] distributed
dual subgradient algorithms are proposed, in [33] the dual
problem is tackled by means of consensus-ADMM and
proximal operators, while an alternative approach based
on successive duality steps has been investigated in [34];
however, all these algorithms typically exhibit a slow con-
vergence rate for the local decision variables. The track-
ing mechanism has been also employed in [35] to solve
constraint-coupled problems based on an augmented La-
grangian approach for a continuous time setting, but the
considered set-up does not allow for nonsmooth costs and
local constraints. Finally, in the very recent paper [36]
an idea similar to the one proposed in this paper is intro-
duced. However, the approach in [36] requires the agents
to perform multiple communication rounds and the num-
ber of rounds has to be carefully tuned to bound a non-
vanishing steady state error between the asymptotic algo-
rithmic solution and the optimal one.
The contributions of this paper are as follows. We

propose a novel, fully distributed optimization algorithm
to solve constraint-coupled problems over networks by
means of an ADMM-based approach. Di↵erently from dis-
tributed ADMM schemes for problems with common deci-
sion variables, we design our Tracking-ADMM distributed
algorithm by embedding a tracking mechanism into the
parallel ADMM designed for constraint-coupled problems.
The resulting algorithm enjoys the following appeal-

ing features: (i) no parameter tuning is needed, in fact
our algorithm works for all the (constant) choices of a
penalty parameter and no other coe�cients are necessary;
(ii) agents solve optimization problems depending on their
local (few) decision variables and asymptotically compute
only their portion of an optimal (hence feasible) solution to
the given problem; (iii) the local estimate of the coupling
constraint violation gives each agent a local assessment on
the amount of infeasibility, which can be useful, e.g., in
designing distributed (receding horizon) control schemes.
The convergence proof of our Tracking-ADMM for

constraint-coupled problems relies on control systems anal-

ysis tools. By explicitly relying on Lyapunov theory for
linear systems, we are able to find a constrained solution
to a suitable discrete Lyapunov equation that leads to an
aggregate descent condition allowing us to prove: (i) the
(exact) convergence of the dual variables to a dual opti-
mal solution and (ii) that any limit point of the primal
sequences is an optimal solution of the original constraint-
coupled problem. This novel approach allows us to derive
a clean and elegant proof of the asymptotic optimality of
our algorithm.
The rest of the paper is organized as follows. In Section 2

we present the problem set-up and in Section 2.2 we re-
vise the ADMM algorithm. In Section 3 we introduce our
novel Tracking-ADMM distributed algorithm and analyze
its convergence properties, discussing the main steps of the
proof. In Section 4 we apply our algorithm on a realistic
application related to the optimal charging schedule for a
fleet of electric vehicles. In Section 5 we draw some con-
clusions and finally, in Appendix A we report the proofs
of all the results stated in the body of the paper.

Notation. The vector in Rn containing all ones is denoted
by n. The identity matrix of order n is denoted by In.
The Kronecker product is denoted by ⌦. For a matrix
S we write S

> to denote its transpose, S � 0 to de-
note that S is positive definite, ⇢(S) to denote the spec-
tral radius of S, and kSk for its spectral norm. We write
blkdiag(S1, . . . , Sn) to refer to the block-diagonal matrix
with S1, . . . , Sn as blocks. For a vector v, kvk is the Eu-
clidean norm of v, and, for any matrix S � 0, kvkS is the
weighted norm of v, i.e., kvk2S = v

>
Sv.

2. Constraint-Coupled Optimization

In this section we introduce the optimization set-up and
recall some preliminaries about the Alternating Direction
Method of Multipliers (ADMM).

2.1. Optimization Problem and Assumptions

We consider a system composed of N agents which are
willing to cooperatively solve an optimization program for-
mulated over the entire system. Each agent has to set its
local decision variables xi 2 Rni so as to minimize the sum
of local objective functions fi : Rni ! R, while satisfying
local constraints Xi ⇢ Rni as well as a linear constraint
that couples the decisions of all the agents. Formally, we
address the following mathematical program

min
x1,...,xN

NX

i=1

fi(xi)

subject to:
NX

i=1

Aixi = b

xi 2 Xi i = 1, . . . , N,

(P)

2



Outline

! Distributed coupled-constraint optimization

! Dynamic Average Consensus based on ADMM (Alternating

Direction Method Multipliers)

! Application to energy systems (Energy communities)

! A step toward decarbonization…

Decarbonization to mitigate global warming

Development of Energy communities can be a promising action to 
decarbonization



Steps toward decarbonization
How can control theory contribute? Just few suggestions: 
• modeling and optimization of systems for capturing UV- - for 

instance microalgae cultivation in photobioreactors

• Analysis of Human-Earth systems

• Data-driven models for the evolution of animal species due to 
climate changes (risk of extiction)

• hydrogen batteries – modeling and control challenges

1

Advocating Feedback Control for Human-Earth
System Applications

Guido Cavraro

Abstract—This paper proposes a feedback control perspective

for Human-Earth Systems (HESs) which essentially are complex

systems that capture the interactions between humans and na-

ture. Recent attention in HES research has been directed towards

devising strategies for climate change mitigation and adaptation,

aimed at achieving environmental and societal objectives. How-

ever, existing approaches heavily rely on HES models, which

inherently suffer from inaccuracies due to the complexity of the

system. Moreover, overly detailed models often prove impractical

for optimization tasks. We propose a framework inheriting from

feedback control strategies the robustness against model errors,

because inaccuracies are mitigated using measurements retrieved

from the field. The framework comprises two nested control

loops. The outer loop computes the optimal inputs to the HES,

which are then implemented by actuators controlled in the inner

loop. Potential fields of applications are also identified.

I. INTRODUCTION

A significant effort has been dedicated to understand how
climate changes because of human actions and how to limit
the global warming, e.g., through decarbonization paths and
policies to. This field is extremely challenging because it lies
in the intersection of climate science, economics, engineering,
and social science. Classically, research on human systems
and the Earth system was conducted separately, even though
humans and the environments naturally interact and form a
single complex system referred to as HES [1], see Figure 1.

Human systems encompass various aspects of society, e.g.,
economic and social dynamics. Earth systems typically de-
scribe the interaction between the climate and the global
scale biogeochemistry. Even though Earth science has always
recognized that humans are an important component, key
characteristics of the Anthropocene, e.g., human agency and
social and economic networks, have not been dynamically
represented in classic Earth systems. Capturing these dynamics
in a new generation of Earth system models allow to ad-
dress a number of critical questions about socio-ecological
interactions [2]. HES science adopt a holistic approach to
capture interactions and feedbacks within and between human
systems yielding advantages such as the ability to represent
ecosystem dynamics more realistically at longer timescales,

This work was authored by the National Renewable Energy Laboratory,
operated by Alliance for Sustainable Energy, LLC, for the U.S. Department of
Energy (DOE) under Contract No. DE-AC36-08GO28308. Funding provided
by the NREL Laboratory Directed Research and Development Program. The
views expressed in the article do not necessarily represent the views of
the DOE or the U.S. Government. The U.S. Government retains and the
publisher, by accepting the article for publication, acknowledges that the U.S.
Government retains a nonexclusive, paid-up, irrevocable, worldwide license
to publish or reproduce the published form of this work, or allow others to
do so, for U.S. Government purposes.
guido.cavraro@nrel.gov.

Human System Earth System

HS internal interactions ES internal interactions

Carbon emissions, soil consumption, water use...

Human Drivers

Earth Feedbacks
Global warming, precipitation change, extreme weather...

Human-Earth System

Fig. 1. Schematic representation of the HES. The Human and Earth system
blocks feature internal interactions and are linked by feedback.

and provide insights that cannot be generated using only Earth
models. Surprisingly, the literature on HES lacks substantial
contributions from control engineers, who possess expertise
in modeling, handling, and controlling complex dynamical
systems.

Scientists developed several integrated assessment models

(IAMs), i.e., quantitative models that describe the global
interplay between climate, economy, production sectors, and
society. IAMs integrate theories and empirical results from
several disciplines to understand how human development and
societal choices affect each other and the natural world, includ-
ing climate change [3]. IAMs constitute a fundamental tool for
the development and validation of decarbonization paths. This
line of research has been so impactful that Prof. W. Nordhaus,
who developed one of the first IAMs (DICE), was awarded the
Nobel Prize. As we will show next, IAMs act in an open loop

fashion and provide results affected by model inaccuracies.
This rises questions about straightforwardly applying IAMs’
results in practical applications [4]. Section II reports a brief
discussion about IAMs.

Since feedback control features well-established properties
of errors and uncertainty rejection, we argue that a closed loop

approach can be useful to overcome the limitations of IAMs.
This work then suggests a feedback control perspective for
studying HESs. Precisely, in Section III, we propose a control
framework consisting of two loops. Section IV describes the
outer control loop whose goal is to obtain the optimal control
inputs steering the HES system toward desirable states, i.e.,
states meeting properties like a bounded average temperature
increase or a minimum global welfare level. Section V pro-
poses an inner control loop whose goal is to ensure that the
aforesaid optimal setpoints are implemented in the HES .

Notation. Vectors are denoted by lower case boldface letters,
respectively. Calligraphic symbols denote sets; R denotes the
set of real and complex numbers.
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